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Prefazione

In questa tesi abbiamo considerato problemi classici di calcolo di
variazioni consistenti nella ricerca dei minimi funzionali del tipo:

J(Y) = /abF(:Jc,Y(x),Y’(x))dx

In tali tipi di problemi rientrano ad esempio il problema della
geodetica, brachistocrona, e problemi isoperimetrici.

Per studiare tali problemi abbiamo richiamato alcuni concetti di
Analisi LIT ed abbiamo accennato come tali concetti si estendono
nel calcolo delle variazioni.

Preface

In this thesis we considered some classical problems of calculus of
variations consistent in research of the minimum of functionals of
the type:

J(V) = /abF(:);,Y(x),Y’(x))da:

In these types of problems we are going to see problem of geodesic,
Brachistochrone, and Isoperimetric problems.

To study these problems we have reviewed some concepts from
Calculus I[,II and we mentioned how these concepts extend in the
calculus of variations.
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Chapter 1

1. INTRODUCTION

We are going to introduce some example at the beginning in order to present
some application of problems in Calculus of Variations.

EXAMPLE 1.1 (Shortest Path Problem). Let A and B be two fixed points in a space. Then
we want to find the shortest curve between these two points. We can construct the
problem diagrammatically as below.

Y =Y (x)
K B
ds
dy
A dx
a b v

FIGURE 1. A simple curve.

From basic geometry (i.e. Pythagoras’ Theorem) we know that

ds® = da* 4+ dY?
(1.1) = {1+ (Y")*}d2”.
The second line of this is achieved by noting Y’ = %. Now to find the path between the

points A and B we integrate ds between A and B, i.e. ff ds. We however replace ds using
equation (1.1) above and hence get the expression of the length of our curve

b
J(Y) = / VIF V) de.
To find the shortest path, i.e. to minimise J, we need to find the extremal function.

EXAMPLE 1.2 (Minimal Surface of Revolution - Euler). This problem is very similar to the
above but instead of trying to find the shortest distance, we are trying to find the smallest
surface to cover an area. We again display the problem diagrammatically.



FIGURE 2. A volume of revolution, of the curve Y'(z), around the line y = 0.

To find the surface of our shape we need to integrate 2rY ds between the points A and B,

ie. ff 21Y'ds. Substituting ds as above with equation (1.1) we obtain our expression of
the size of the surface area

J(Y)= /b 21Y /1 + (Y7)? da.

To find the minimal surface we need to find the extremal function.

ExXAMPLE 1.3 (Brachistochrone). This problem is derived from Physics. If I release a bead
from O and let it slip down a frictionless curve to point B, accelerated only by gravity,
what shape of curve will allow the bead to complete the journey in the shortest possible
time. We can construct this diagrammatically below.

@)

ig . Y = Y(x)

)

FIGURE 3. A bead slipping down a frictionless curve from point O to B.

In the above problem, we want to minimise the variable of time. So, we construct our
integral accordingly and consider the total time taken T as a function of the curve Y.



T(Y):/Ob dt

now using v = £ and rearranging we achieve

dt
/b ds
0 v

Finally using the formula v? = 2¢gY we obtain

b1+ (v)?

Thus to find the smallest possible time taken we need to find the extremal function.

EXAMPLE 1.4 (Isoperimetric problems). These are problems with constraints. A simple
example of this is trying to find the shape that maximises the area enclosed by a rectangle
of fixed perimeter p.

X

FIGURE 4. A rectangle with sides of length x and y.
We can see clearly that the constraint equations are
(1.2) A=uxy

(1.3) p =2z + 2y.

By rearranging equation (1.3) in terms of y and substituting into (1.2) we obtain that

x
A=—-p-—2
P — ot
dA p
P
de 2 .
we require that % = 0 and thus
p p
L) VO _
5 r=0=uz 1



and finally substituting back into equation (1.3) gives us

_1 1 p
Y=o \P7P) =

Thus a square is the shape that maximises the area.

ExAMPLE 1.5 (Chord and Arc Problem). Here we are seeking the curve of a given length
that encloses the largest area above the z-axis. So, we seek the curve Y =y (y is reserved
for the solution and Y is used for the general case). We describe this diagrammatically
below.

AREA

FIGURE 5. A curve Y (z) above the z-axis.

We have the area of the curve J(Y') to be

b
J(Y):/ Ydr v>0
0

where J(Y') is maximised subject to the length of the curve

K(Y) = /Ob\/1 TR dr =,

where ¢ is a given constant.
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To solve the descriped problems we first prove that the problem
is well posed; that is the minimum exists and then find the satisfied
neccessary conditions that allows us to characterize the solutions.
Existence of minimum

Suppose that the lagrangian F'(z, Y, p) satisfies the following con-
ditions:

i) F(z,Y,p) and F,(x,Y,p) are continuous in (z,Y, p);
ii) F(z,Y,p) is convex in p;

iii) F'(x,Y,p) has a superlinear growth.
then there exists a minimizer of

J(Y):= /IF(x,Y,Y’)das
in the class C(a, 8) :={Y € H"'((a,b),R) : Y(a) = a, Y (b) = 3}
Where «,  are fixed real numbers.
Here H'“!'{(a,b),R} is Sobolev space of functions
Y = (a,b) — R such that Y(x)2 Y"(x)? are integrable in (a, b).

1.e

b
/ Y (z)%dr < +o00

b
/ Y'(z)*dz < +o0.

It is possible to prove that if Y (z,Y,p) end p — F,(z,Y,p)
are C' functions and then the minima of J are C? functions
and then Euler-Lagrange equations that we are going to write
are well defined.

11



2. THE SIMPLEST / FUNDAMENTAL PROBLEM

Examples 1.1, 1.2 and 1.3 are all special cases of the simplest/fundamental problem.

Yp —

Ya —

@_—_
S —m —m — — — —
8

FIGURE 6. The Simplest/Fundamental Problem.

Suppose A(a,y,) and B(b,y,) are two fixed points and consider a set of curves

(2.1) Y =Y ()

joining A and B. Then we seek a member Y = y(x) of this set which minimises the integral

(2.2) J(Y) = /bF(:.E,Y,Y’) dz

where Y'(a) = ya, Y (b) = y,. We note that examples 1.1 to 1.3 correspond to a specification
of the above general case with the integrand

F=y1+@2
F =27y \/1+ (Y2

12
7o 1+(Y)‘
2gY

b
1 1
JY) = / {ip(x)(Y')2 + §q(:L')Y2 + f(x)Y} dz.
Now, the curves Y in (2.2) may be continuous, differentiable or neither and this affects the
problem for J(Y'). We shall suppose that the functions Y = Y'(z) are continuous and have
continuous derivatives a suitable number of times. Thus the functions (2.1) belong to a
set {2 of admissible functions. We define () precisely as

An extra example is

12



dy
(2.3) Q= {Y ‘ Y continuous and o continuous, k =1 } :
So the problem is to minimise J(Y) in (2.2) over the functions Y in §2 where

Y(a) =y, and Y (b)=y,.
This basic problem can be extended to much more complicated problems.

ExaMPLE 2.1. We can extend the problem by considering more derivatives of Y. So the
integrand becomes

F=F(YY Y"),
i.e. F' depends on Y” as well as z,Y, Y’ and here Q = C?([a, b])

ExXAMPLE 2.2. We can consider more than one function of z. Then the integrand becomes

F = Fx,Y1,Ya, Y], Yy),
so F' depends on two (or more) functions Y of z.
ExaMPLE 2.3. Finally we can consider functions of more than one independent variable.
So, the integrand would become

F=F(z,y @ 0, 2,),

where subscripts denote partial derivatives. So, F' depends on functions ®(z,y) of two
independent variables z,y. This would mean that to calculate J(Y) we would have to
integrate more than once, for example

J(Y) = //F dzdy.

Note. The integral J(Y) is a numerical-valued function of Y, which is an example of a
functional.

Definition: Let R be the real numbers and € a set of functions. Then the function
J : Q) — Ris called a functional.

Then we can say that the calculus of variations is concerned with mazima and minima
(extremum) of functionals.

13



Chapter 2

3. MAXIMA AND MINIMA

3.1. The First Necessary Condition

(i)

(3.1)

(3.2)

(3.3)

(3.4)

We use ideas from elementary calculus of functions f(u).

M»

~
IS

FIGURE 7. Plot of a function f(u) with a minimum at u = a.

If f(u) > f(a) for all u near a on both sides of u = a this means that there is a
minimum at u = a. The consequences of this are often seen in an expansion. Let
us assume that there is a minimum at f(a) and a Taylor expansion exists about
u = a such that

Fla+h) = fl@) + b (@) + o f'(@) £ 0, (h#£0)

Note that we define df(a, h) := hf'(a) to be the first differential. As there exists a
minimum at v = a we must have

fla+h) = f(a) for he(=6,0)

by the above comment. Now, if f'(a) # 0, say it is positive and h is sufficiently
small, then

sign{Af = fla+h) — f(a)} =sign{df = hf'(a)} (#0).
In equation (3.3) the L.H.S. > 0 because f has a minimum at a and hence equation
(3.2) holds and also the R.H.S. > 0 if h > 0. However this is a contradiction, hence
df =0 which = f'(a) = 0.
For functions f(u,v) of two variables; similar ideas hold. Thus if (a, b) is a minimum

then f(u,v) > f(a,b) for all u near @ and v near b. Then for some intervals (—dy, 1)
and (—ds, 02) we have that

+ 01

a—0 <u<a
<b+ 6y

b—52 <’U

14



gives a minimum / maximum at (a,b) < f(a,b). The corresponding Taylor expan-
sion is

(3.5) Fla+h b+ k) = f(a,b) + hfi(a,b) + kf,(a,b) + Os.

We note that in this case the first derivative is df(a, b, h, k) := hf,(a,b) +kf,(a,b).
For a minimum (or a maximum) at (a,b) it follows, as in the previous case that a
necessary condition is

(3.6) dszég:gzoat(a,b).
Ju  Ov
(iii) Now considering functions of multiple (say n) variables, i.e. f = f(uy, ug,...,u,) =
f(u) we have the Taylor expansion to be
(3.7) f(a+h)= f(a)+h-Vf(a)+ O,.

Thus the statement from the previous case (3.6) becomes
(3.8) df =0=Vf(a) =0.

3.2. Calculus of Variations

Now we consider the integral

b
(3.9) J(V) = / Fz,Y,Y") dz.
Suppose J(Y') has a minimum for the curve Y = y. Then

(3.10) J(Y) = J(y)

forY e Q={Y |Y € Cy, Y(a) = y,, Y(b) = y»}. To obtain information from (3.10) we
expand J(Y') about the curve Y = y by taking the so-called varied curves

(3.11) Y =y+¢e€

like u = a+ h in (3.2). We can represent the consequences of this expansion diagrammat-
ically.

15



Y =y(x) + ()
Up — B
Y =y(x)
Yo - A
o b

FIGURE 8. Plot of y(x) and the expansion y(z) + ££(z).

Since all curves Y, including y, go through A and B, it follows that

(3.12) £(a) =0 and &(b) =0.
Now substituting equation (3.11) into (3.10) gives us

(3.13) JY) = Jy+e8) = J(y)
for all y 4+ €€ € Q and substituting (3.11) into (3.9) gives us

b
(3.14) J(y + €§) :/ F(z,y+e€y + &) da.

Now to deal with this expansion we take a fized z in (a, b) and treat y and y’ as independent
variables. Recall Y and Y’ are independent and the Taylor expansion of two variables
(equation (3.5)) from above. Then we have

_ of ,, of _
(3.15) flu+h,v+k)= f(u,v)+ h% + k:% + Oy.  O2=0(||(h, k)]

Now we take u =y, h=e&, v =19y, k =¢&, f = F. Then (3.14) implies

b
sy = dy+0) = [ {F<x,y,y'> +et 2 e 0<52>} da
= J(y) +€0J + Oa.

We note that d.J is calculus of variations notation for d.J where we have

16



( OF ,OF
(3.16) 6] = /a{a—y+ a—y,} dz

= linear terms in € = first variation of J
and we also have that
oFr OF (z,Y,Y’
(3.17) 9 {M} .
dy Y Yy Yimy
Now 4. is analogous to the linear terms in (3.1), (3.5), (3.7). Thenif J(Y)has a

minimum at Y =y, then

(3.18) 0J =0
the first necessary condition for a minimum.

Proof. Suppose 0J # 0 then J(Y) — J(y) = dJ + O,. For small enough £ then

sign{J(Y) — J(y)} = sign{dJ}.
We have that 6J > 0 or 6J < 0 for some varied curves corresponding to ¢£. However there

is a minimum of J at Y =y = L.H.S. > 0. This is a contradiction. U
For our J, we have by (3.17)
b
oF oF
3.19 0J = — 4+ &= da.
319 [ (55 vesg) o
If we integrate 2nd term by parts we obtain
b b
oF d oF oF
3.20 0J = — - ——— 7 d —
(3:20) /ag{ay dxay’} o {gﬁy’]a
=0
and so we have
b
oF d oF
21 6] = D S |
(321) ! /ag{ﬁy dxay’} !

Note. For notational purposes we write

(3.22) mmsz@mww

which is an inner (or scalar) product. Also, for our J, write

17



(3.23) J(y) = — — ——

as the derivative of J. Then we can express d.J as

(3.24) 5J = (& J'(y) )-

This gives us the Taylor expansion

(3.25) Iy +28) = J(y) +2{& ' (y) ) +0.
—_————
5J
We compare this with the previous cases of Taylor expansion (3.1), (3.5) and (3.7). Now
collecting our results together we get

Theorem 3.1. A necessary condition for J(Y') to have an extremum (mazimum or mini-
mum) at' Y =y is

(3.26) 0J = (& J(y)) =0

for all admissible &. i.e.

“J(Y) has an extremum atY =y’ = “6J(y,&) = 0.

Definition: y is a critical curve (or an extremal), i.e. y is a solution of §J = 0. J(y) is a
stationary value of J and (3.26) is a stationary condition.

To establish an extremum, we need to examine the sign of

ANJ = J(y+ &) — J(y) = total variation of J.

We consider this later in part two of this thesis .

4. STATIONARY CONDITION (6J = 0)

Our next step is to see what can be deduced from the condition

(4.1) 0J = 0.
In detail this is

(42) (&Tw)= [ &) de=o

For our case J (Y) = f; F(z,Y,Y’) dz, we have

18



(4.3) J(y) = ————.

To deal with equations (4.2) and (4.3) we use the Euler-Legrange Lemma. Using this
Lemma we can state

Theorem 4.1. A necessary condition for

(4.4) J(Y)= /b F(z,Y,Y") dz,

with Y (a) = y, and Y (b) = yp, to have an extremum at'Y =y is that y is a solution of

(15) ) =5 = o =0

with a < x <b and F = F(z,y,y'). This is known as the Euler-Lagrange equation.

The above theorem is the Fuler-Lagrange variational principle and it is a stationary prin-
ciple.

EXAMPLE 4.1 (Shortest Path Problem). We now revisit Example 1.1 with the mechanisms
that we have just set up. So we had that F(z,Y,Y’) = /1 + (Y’)? previously but instead

we write F\(z,y,y") = /1 + (v')?>. Now

or or 2y’ B Y

oy 2 /I+ W) VIt

The Euler-Lagrange equation for this example is

O—i Y =0 a<zxr<b
dz \ V1+(y)?

= —2 = const.
1+ (y)?
=y =a«a
=y=azr+[

where «, ( are arbitrary constants. So, y = ax + ( defines the critical curves. We require
more information to establish a minimum.

EXAMPLE 4.2 (Minimum Surface Problem). Now revisiting Example 1.2, we had F(z,Y,Y’) =
21Y\/1+ (Y”)? but again we write F(z,y,y’) = 2ry+/1 + (v')2. We drop the 27 to give

us

19



OF oF !
= VIT )R 5=
dy

So, we are left with the Euler-Lagrange equation

nr G 1A
L+ (y) dx( 1+(y’)2>_0’

Now solving the differential equation leaves us with

3
L+ {1+ ) —w'} =0,
for finite ¢’ in (a,b). We therefore have

(4.6) 1+ (y)* =y

Start by rewriting 3" in terms of y and 3. Then substituting gives us

v 4y
Yo 4
_dy' dy
=3 s
_dy 1d(y)?
—Y dy 2 dy
So, substituting (4.7) into (4.6), the Euler-Lagrange equation implies that

(4.7)

. 1 d N2
1+(y)2=§y (;/y)
dy 1 d(y)*? 1 dz

y 21+ (@W)? 21+z
1
:>lny:§ln(1+(y/)2)—l—0

=y =0Vt WP

which is a first integral.

20



Now integrating again gives us

12
Yy = L‘&y) the autonomous differential equation

suppose that vy’ = v(y)

then we have y”’ = v'(y).y' = v'(y)v(y)

2
so we get vv’ = H'T”

1

/v 1
1402 7y

—— VvV

Integrate both sides we get 1log(14+v?) = logly|+c1 < log(1+v?) = logy*+c1

and 1402 =c19?, v=\/ay? -1, so y =+ /cay?—1
divide by v/c19%2 — 1

Y =1

we get \/ﬁ

thus cy? = cosh?a, y = \/%cosha, dy = \/%senha

integrating

1 /senhad n
—_ a=x+c
Vel senhao 2

then 1
—a=x+cC2

Ja

we have o = \/c1w + c2, a = arccosh(,/c1y)

— y=cosh(y/c1z + ¢c2)

where C} and C' are arbitrary constants. We note that this is a catenary curve.
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Chapter 3

5. SPECIAL CASES OF THE EULER-LAGRANGE EQUATION
FOR THE SIMPLEST PROBLEM

For F(z,y,y") the Euler-Lagrange equation is a 2nd order differential equation in general.
There are special cases worth noting.

(1) %_I; =0= F = F(x,y’) and hence y is missing. The Euler-Lagrange equation is

on orbits (extremals or critical curves), first integral. If this can be for ¢y thus

y/ = f(I,C)
then y(z) = [ f(z,¢) dz + .

EXAMPLE 5.1. F = 2% + 22(y)?. Hence 2€ = 0. So Euler-Lagrange equation has

Oy
a first integral 2—5 =c= 2% =c=>y =35 =y = —£ + ¢, which is the
solution.
oF

(2) 5, = 0andso F' = F(y,y’) and hence x is missing. For any differentiable F'(x,y,y’)
we have by the chain rule

dF OF 9F = OF ,

o oy oy
_or (dory  or,
- Oz dx 0y’ 8y’y

—8_F+i ’8_F
C Or  dx yay’

on orbits. Now, we have

dx yay’ - Oz

on orbits. When Z_l; = 0, this gives

22



F
% <F — y’?—y/) = 0 on orbits

=|F—-yF,=c

on orbits. First integral.
Note. G := F —y'F,= G(z,y,) is the Jacobi function.

EXAMPLE 5.2. F' = 27my/1 + (y')2. An example of case 2. So we have

2 /
=2y
V1+ ()
then the first integral is
F = y/Fy/
ey (v)?
=2myqV 1+ (V) — ———
1+ (y/)z
21y

V1+ ()2

= const. = 27c¢

=y =c\/1+ (v)? - First Integral.

This arose in Example 4.2 as a result of integrating the FEuler Lagrange equation

once.

g—; =0 and hence F' = F(z,y), i.e. ¥ is missing. The Euler-Lagrange equation is

oy dzx oy 8—y B

but this isn’t a differential equation in y.

OF dor _9F _

EXAMPLE 5.3. F(z,y,y) = —ylny + xy and then the Euler-Lagrange equation
gives

T =0=-lny—142=0

ny=—-1+z=y=c "

23



6. CHANGE OF VARIABLES

In the shortest path problem above, we note that J(Y) does not depend on the coordinate
system chosen. Suppose we require the extremal for

(6.1) Iy = [ VR e

)

where r = r(0) and ' = %. The Euler-Lagrange equation is

8F d 8F T d r/
2 — — as = | —YV—=] =0
(6.2) or “agor 07 r2+ ()2 do ( T2+ (7"’)2) "
To simplify this we can

(a) change variables in (6.2), or
(b) change variables in (6.1).

For example, in (6.1) take

z =rcosf dz =drcosf — rsinf do

y = rsinf dy = drsinf + rcos 6 db.

So, we obtain

da? + dy? = dr? 4 r?d6?

(1+ (y)?)da? = {(%) + r2} de?
V14 (y)2dz = /12 + (r")2d8.

This is just the smallest path problem, hidden in polar coordinates. We know the solution
to this is

J(r) — J(y) = / VIt @) d.

Now the Euler-Lagrange equation is 4 =0 = y = ax + 3. Now,

rsinf = arcosf + (3

&

sinf — acosf

r =

24



7. SEVERAL INDEPENDENT FUNCTIONS OF ONE VARIABLE

Consider a general solution of the simplest problem.

b
(7.1) J(Yl,YQ,...,Yn):/ F(z,Yi,...,Y,, Y], ...,Y!) da.

Here each curve Y goes through given end points

(7.2) Yi(a) = Yka, Yi(b) = yrp fork=1,... n.
Find the critical curves yi, k = 1,...,n. Take

where &.(a) = 0 = & (b). By taking a Taylor expansion around the point (z,y1, ..., Yn, Y], - - -

we find that the first variation of J is

(7.4) 0T = (& T W yn) )-
k=1
with
oF d OF
/ —_— e — —

for k =1,...,n. The stationary condition ¢J =0 =

n

(7.6) > (& Ty =0
(7.7) = (&, I =0

for all k =1,...,n. Thus, by the Euler-Lagrange Lemma, this implies

(7.8) J, =0
fork=1,...,n. ie.
oF d OF
(7.9) — a5 =
Oy, dx Oy,
for k=1,...,n. (7.9) is a system of n Euler-Lagrange equations. These are solved subject

to (7.3).

25
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EXAMPLE 7.1. F = y1y5 + yiy2 + yiys and so we obtain equations

d
Ji =0:>y§+2y1y2—£(y§) =0

d
!/ — 2 2 o / —
Jy =0 = 2y192 + 43 dx(y1> 0
Consider
dF  OF ~(OF , OF ,
dz  Or +; <8ykyk+ 8y;€yk

the general chain rule.

OF < ( ,doF OF
—%+Z<

k=1

on orbits.

_OF K d [ ,0F
-5+ X (ko)

and this is again on orbits. Now we obtain

d " OF OF

on orbits.

oF
We define G = — {F — Zy,’ga—y,} Then

4G _0F
de Oz’
If ‘g—i =0, i.e. F' does not depend implicitly on x, we have

dG  d , OF
= _ = F -
dx dx { Zykay/ }

26
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on orbits. i.e.

" OF
/ j—
F_Zykgylrc =
k=1

on orbits, where ¢ is a constant. This is a first integral. i.e. G is constant on orbits. This
is the Jacobi integral.
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8. DOUBLE INTEGRALS

Here we look at functions of 2 variables, i.e. surfaces,

(8.1) O = P(z,y).
We then take the integral

(8.2) J(®) = // F(z,y,®,,,9,) dedy

R
with & — pp = given on the boundary 0R of R. Suppose J(®) has a minimum for & = .
Hence R is some closed regioon in the zy-plane and ¢, = M’ , @, = 8‘5 Assume F' has

continuous first and second derivatives with respect to z, y, <I> <I>x, ®,. Consider

J(p+ef) = // F(z,y, ¢+ &€, oo + €&, oy + £§y) dady
R
and expand in Taylor series

oF oF oF
// { x, Y, e, 90x790y> +5£a +5£m (p +5£ya 02} dflfdy
(8.3) )+ 6J + Oo

where we have

(8.4) 5J—5//{ F 5y§F} dady

is the first variation. For an extremum at ¢, it is necessary that

(8.5) 57 =0,

To use this we rewrite (8.4)

OF 0 OF 0 [ OF o [ OF
‘”‘5// { (fa%) *a@( f‘?—wy) ~Sor (5%) ~$oy (5—%)} g

Now by Green’s Theorem we have

/ 8Pd:)sdy—/ P dy szaF
OR agpx

(8.7) // dady = — Q dx Q= Sa—F
AR Doy

So,
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oOF 0 OF 0 OF OF OF
8.8 5J:8// {——— ———} dzd —0—8/ ( dy — —dx).
(8.8) 00 T oroe ayog, ) e S0, Y Sy,

If we choose all functions ® including ¢ to statisfy

Y =¢B on OR
then ¢ +¢€ = pp on OR
= =0 on OR.

Hence (8.8) simplifies to

oF 0 OF 0 OF
0J = //Rf(ifay){% —%a% _8_y8—<py} dzdy
= (& J(p))

By a simple extension of the Fuler-Lagrange lemma, since ¢ is arbitrary in R, we have
d0J =0 — ¢(z,y) is a solution of

“OF 0 OF 9 OF _

&9 T =9, aeveoydg,

This is the Fuler-Lagrange Equation - a partial differential equation. We seek the solution
© which takes the given values ¢ on OR.

EXAMPLE 8.1. F = F(z,y, 9, ¢u, 0y) = %api + %gpz + fp, where f = f(z,y) is given. The
Euler-Lagrange equation is

OF . OF __ OF
op Dpr 7T Dy, TV

So,
OF 0 OF 0 OF B 0 0

9p " owop oyog, T at Ty T

So, i.e. we are left with

P O B

a2 o

which is Poisson’s Equation.
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EXAMPLE 8.2. F = F(x,t, ¢, ¢z 1) = 392 — 25 ¢7. The Euler-Lagrange equation is

This is the classical wave equation.
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Chapter 4

9. CANONICAL EULER-EQUATIONS (EULER-HAMILTON)

In this chapter we sketch a different approach to some problems in calculus
of variations, the Hamiltonian approach.

9.1. The Hamiltonian

We have the Euler-Lagrange equations

F F
OF _doF _

9.1 - —
( ) ayk dx ayk}’

which give the critical curves yy,...,y, of

(9.2) JY1,...,Y,) = /F(a:,Yl,...,Yn,Yl’,...,YTZ) dx

Equations (9.1) form a system of n 2nd order differential equations. We shall now rewrite
this as a system of 2n first order differential equations. First we introduce a new variable

_ oF
B Oy

1=1,...,n.

(9-3) Di

p;i 1s said to be the variable conjugate to y;. We suppose that equations (9.3) can be solved
to give ¥ as a function ¢; of x,y;,p; (j = 1,...,n). Then it is possible to define a new
function H by the equation

(9.4) H(x,yl,...,ympl,...,pn):Zpiyg—F(x,yl,...,yn,yi,...,y;)
i=1

where y; = ¢;(z,y;,p;). The function H is called the Hamiltonian corresponding to (9.2).
Now look at the differential of H which by (9.4) is

31



(9.5) dx+z< ldp; — aF) :

’l

using (9.3). For H = (x,y1,. .., Yn, P1,---,Pn) then we have

8de+z (8H 8Hd Z) ‘

Pi

Comparison with (9.5) gives

,  OH _OF _0H
Yi = opi dyi Oy
dy; OH dp; OH
9.6 = _ _
(96) dx  Jp; der  Jy;
for i = 1,...,n. Equations (9.6) are the canonical Euler-Lagrange equations associated
with the integral (9.2).
ExaMPLE 9.1. Take
b
(9.7) J(Y) = / (a(Y')* + Y?) da
where a, 3 are given functions of z. For this F(z,y,y') = a(y’)? + By? if so
OF 1
- - 2 / !/ = .
¢ 3y ay =y 2a¢

The Hamiltonian H is, by (9.4),

H=py - F
1
=py —a(y)? - By*  withy' = —¢
2c
1 1 9
=Po P~ O aP By
1
= @ZF - 6y2
in correct variables z,y, p. Canonical equations are then
dy oH 1 dp oH
9.8 — — = —20y.
(98) dz ~ op ~ 27 Cdr dy By
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The ordinary Euler-Lagrange equation for J(Y) is

which is equivalent to (9.8)

9.2. The Euler-Hamilton (Canonical) variational principle.
Let

(P,y) = /ab {P% _ H(m,Y,P)} dz

be defined for any admissible independent functions P and Y with Y (a) = y,, Y (b) = w,
ie.

Y, atx =a
Y: =
vB {yb at r = 0.

Suppose I(P,Y) is stationary at Y =y, P = p. Take varied curves

Y =y+¢& P=p+en.
Then we obtain

b d
M+ eny+e) = [ {20 - oy +cepan} ao
" dy oy de, dE 0H _ 0H
-/ { Py T, +€pd +€Ud——H(%y,p)—gfa—y—gﬂa—p—Oz}

where we have

b dy d¢g OH OH
6]_E/a {ndx P 6 "a—p} de

B b dy OH dp 0OH b
= [ P(E-5)- g(aw—y)}d“@flﬂ
=0

If all curves Y, including y, go through (a,y,) and (b,y,) then £ =0 at + = a and x = b.
Then 61 = 0 = (p,y) are solutions of

dy _ OH _dp oH

dz ~ dp S dr oy (a<z<b)

with
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_ )Y atz=a
== Yy atx=1>

Note. If Y = yg no boundary conditions are required on p.

9.3. An extension.
Modify I(P,Y’) to be

Loa(P,Y) = /ab {P% — H(z, P, Y)} dz — [P(Y — yB)] b

Here P and Y are any admissible functions. I,,.q is stationary at P =p, Y =y. Y = y+e&¢,
P = p+ ey and then make 01,0, = 0. You should find that (y, p) solve

dy _od _dp_0H
de  Op de 0Oy
with y = yp on [a, b].

10. FIRST INTEGRALS OF THE CANONICAL EQUATIONS

A first integral of a system of differential equations is a function, which has constant value
along each solution of the differential equations. We now look for first integrals of the
canonical system

10.1 = — = =1,.
(10.1) dz  Op; dz Oy (i=1..0sm)
and hence of the system

dy; oF d OF
10.2 L=y - — = =1..
(10.2) Ly, el (i=1,..n)

which is equivalent to (10.1). Take the case where

oF

a—x—O.

ie. F=F(y1, .. s Yn, ¥y, ---,4,). Then

H = zn:pzy; —F
i=1

is such that %—IZ = 0 and hence
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0
dH ag’ " (OH dy; OH dp;
dr Oz +;<8yi dw * Op; dx)'
On critical curves (orbits) this gives
_Z OH OH 8H( 1)8[-[
dyi o, api o,

:0

which implies H is constant on orbits. Consider now an arbitrary differentiable function
W= W()x>yla <oy Yns D1y - - 7pn) Then

aw 8_W+i oW dy;  OWdp\  OW +i oW OH OW OH
dr  Ox Oy; dv Op; do ) Oz Oy; Op;  Op; Oy,

on orbits.

Definition: We define the Poisson bracket of X and Y to be

"L (0XOY 00X oY
[X’ Y] - Z_; <ayi Op; B Op; 8%)

with X = X (y;,p;) and Y =Y (y;, ps)-

Then we have

dw ow

+ (W, H
dz ~ or +1 )
on orbits. In the case when 2 a = 0, we have
dWw
H
4 = W H]
So,
dWw
—_— = H|=0.
e 0< [W,H] =0
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