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High index, Hartshorne Conjecture

We work over the complex field. We are interested in the biregular
classification of embedded projective manifolds X ⊂ PN . X is
assumed to be irreducible non-degenerate of dimension n and
codimension c.

Definition

X ⊂ PN is a prime Fano manifold of index i(X ) if Pic(X ) is cyclic
and −KX = i(X )H for some positive integer i(X ), where KX is the
canonical class and H the hyperplane section class.

Note that the above is slightly different from the usual definition of
index. A prime Fano manifold has high index if i ≥ n+1

2 . Our goal
is to try to understand prime Fanos of high index.
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Generic example of a prime Fano manifold:

X a complete intersection of type (d1, ..., dc), n ≥ 3,
i = N + 1−

∑c
1 di > 0.

The formula shows that when the index is high, the codimension
must be small (with respect to n).
The following theorem classifies (not necessarily prime) Fanos of
very high index. Here the definition of the index is the usual one:
i ′(X ) = max{i | −KX = iL, L ample}.

Theorem

[Kobayashi-Ochiai] i ′ ≤ n + 1; i ′ = n + 1 implies X is Pn;
i ′ = n implies X is the hyperquadric Qn.

[Fujita] i ′ = n − 1, then X is classified.

[Mukai] i ′ = n − 2, then X is classified.
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Definition

X ⊂ PN is covered by lines if for any general point x ∈ X there
exists a line ` such that x ∈ ` ⊂ X .

Fano complete intersections with i ≥ 2 are covered by lines.

Theorem (Mori)

A prime Fano manifold with i ≥ n+1
2 is either covered by lines or

the Veronese variety v2(Pn), with n odd.

If X is covered by lines, denote by Lx ⊂ Pn−1 the variety of lines
passing through a general point x ∈ X . It has remarkable
properties:
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Theorem

If X is a prime Fano manifold covered by lines, we have
i = dim(Lx) + 2. Moreover:

Lx is smooth;

[Hwang-Mok] Lx ⊂ Pn−1 is non-degenerate if i ≥ n+2
2 ;

Lx ⊂ Pn−1 is irreducible if i ≥ n+3
2 .

Examples show that prime Fanos of high index have “virtually”
small codimension.This leads us to the celebrated:

Conjecture (Hartshorne)

(HC) If n ≥ 2c + 1, then X ⊂ PN is a complete intersection.

We are only interested in two particular cases of the HC:
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Conjecture (HC for Fanos)

(HCF) If n ≥ 2c + 1 and X is Fano, then X ⊂ PN is a complete
intersection.

The HCF holds in codimension two, as proved by Ballico-Chiantini.

Conjecture (HC for lines)

(HCL) If X ⊂ PN is a prime Fano manifold covered by lines, then
the HC holds for the variety of lines Lx ⊂ Pn−1.

Here are two remarkable consequences of HCF and HCL:

“Corollary” (—— – Russo)

If X ⊂ PN is a prime Fano manifold of index i ≥ 2n+5
3 , then X is a

complete intersection.
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“Corollary” (Barth, ——)

If deg(X ) ≤ n − 1, then X is either a complete intersection or
G (1, 4) ⊂ P9.

The Segre embedding of P1 × Pn−1 shows that the above bound is
optimal.

Remark

Assume that the HCF holds. If X ⊂ PN is a prime Fano manifold
of index i ≥ n+3

2 , then X is a complete intersection if and only if
n ≥ 2c + 1.
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G (1, 4) ⊂ P9.

The Segre embedding of P1 × Pn−1 shows that the above bound is
optimal.

Remark

Assume that the HCF holds. If X ⊂ PN is a prime Fano manifold
of index i ≥ n+3

2 , then X is a complete intersection if and only if
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Examples

What examples do we have of prime Fanos of high index, other
than complete intersections ?

They all come essentially from rational-homogeneous manifolds.

Definition

Let G be a simple algebraic group acting on the linear space V by
an irreducible representation of highest weight. X ⊂ P(V ∗) is
rational-homogeneous (for G ) if it is (the projectivization of) a
closed orbit for a maximal vector of V .

These are classified. One important common property is:
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Theorem (Lichtenstein)

Any rational-homogeneous manifold X ⊂ PN is
scheme-theoretically an intersection of quadrics.

Definition

X ⊂ PN is quadratic if it is scheme-theoretically defined by
quadratic equations.

In all examples we are aware of, (linearly normal) prime Fanos of
high index are either quadratic or complete intersections!
Moreover:
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Theorem (—– - Russo)

The HC holds for quadratic manifolds.

Note that quadratic manifolds of small codimension are (prime)
Fano.
We also know what happens at the boundary of the HC range:

Theorem (—– - Russo)

A quadratic manifold with n = 2c is either a complete intersection
or projectively equivalent to one of:

G (1, 4) ⊂ P9, or

S10 ⊂ P15.

Two ... familiar examples, right ?

P. Ionescu Special Fano manifolds



§1. Fanos of high index and the Hartshorne Conjecture
§2. Rational-homogeneous and quadratic manifolds

§3. Secant defective manifolds
§4. LQEL manifolds

§5. Dual defective manifolds
§6. Some simple things

Theorem (—– - Russo)

The HC holds for quadratic manifolds.

Note that quadratic manifolds of small codimension are (prime)
Fano.
We also know what happens at the boundary of the HC range:

Theorem (—– - Russo)

A quadratic manifold with n = 2c is either a complete intersection
or projectively equivalent to one of:

G (1, 4) ⊂ P9, or

S10 ⊂ P15.

Two ... familiar examples, right ?

P. Ionescu Special Fano manifolds



§1. Fanos of high index and the Hartshorne Conjecture
§2. Rational-homogeneous and quadratic manifolds

§3. Secant defective manifolds
§4. LQEL manifolds

§5. Dual defective manifolds
§6. Some simple things

Theorem (—– - Russo)

The HC holds for quadratic manifolds.

Note that quadratic manifolds of small codimension are (prime)
Fano.
We also know what happens at the boundary of the HC range:

Theorem (—– - Russo)

A quadratic manifold with n = 2c is either a complete intersection
or projectively equivalent to one of:

G (1, 4) ⊂ P9, or

S10 ⊂ P15.

Two ... familiar examples, right ?

P. Ionescu Special Fano manifolds



§1. Fanos of high index and the Hartshorne Conjecture
§2. Rational-homogeneous and quadratic manifolds

§3. Secant defective manifolds
§4. LQEL manifolds

§5. Dual defective manifolds
§6. Some simple things

Theorem (—– - Russo)

The HC holds for quadratic manifolds.

Note that quadratic manifolds of small codimension are (prime)
Fano.
We also know what happens at the boundary of the HC range:

Theorem (—– - Russo)

A quadratic manifold with n = 2c is either a complete intersection
or projectively equivalent to one of:

G (1, 4) ⊂ P9, or

S10 ⊂ P15.

Two ... familiar examples, right ?

P. Ionescu Special Fano manifolds



§1. Fanos of high index and the Hartshorne Conjecture
§2. Rational-homogeneous and quadratic manifolds

§3. Secant defective manifolds
§4. LQEL manifolds

§5. Dual defective manifolds
§6. Some simple things

Secant defect

Definition

Secant variety of X : SX = closure of the locus of secants to
X ⊂ PN , dim SX = 2n + 1− δ, δ ≥ 0 is the secant defect.
If δ > 0, X is secant defective.

Two cases:

SX 6= PN , then X admits a nontrivial isomorphic projection.
No such examples with δ > 8 are known (!).

SX = PN , then X has small codimension, i.e. n ≥ c .

In particular, condition δ > 0 means “virtually” of small
codimension. Fanos of high enough index are secant defective.
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The following statement is a consequence of a result by
Hwang-Kebekus, that will be stated (and proved) shortly.

Corollary

Let X ⊂ PN be prime Fano with i ≥ 2n+1
3 . Then δ ≥ n+2

3 .

Theorem (—– - Russo)

If X ⊂ PN is a prime Fano manifold with δ ≥ 2, then i ≤ n+δ
2 .

Definition

X is conic connected (CC) if for any x , x ′ ∈ X general points there
is a conic contained in X and passing through x , x ′.

A CC manifold is secant defective.
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Theorem (—– - Russo)

Any CC manifold is Fano with b2 ≤ 2. Those having b2 = 2 are
classified. The others are either prime Fanos with Picard group
generated by the hyperplane class and i ≥ n+1

2 , or the Veronese
variety v2(Pn).

Examples of CC manifolds are given by the following three results:
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Theorem (Hwang-Kebekus)

If X is a prime Fano manifold covered by lines and SLx = Pn−1,
then X is CC (by degenerate conics). This holds if i ≥ 2n+1

3 .

Theorem (Bonavero-Höring)

A Fano complete intersection with i ≥ n+1
2 is CC.

Theorem (—– - Russo)

A prime Fano manifold with i > n+1
2 + δ

4 and δ ≥ 2 is CC.

We don’t know examples of prime Fanos with δ > 0 and i ≥ n+1
2

which are not CC!
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LQEL manifolds

Definition

X is a local quadratic entry locus variety (LQEL) if δ > 0 and for
any x , x ′ ∈ X general points there is a quadric Qδ

xx ′ ,
x , x ′ ∈ Qδ

xx ′ ⊆ X .

Clearly, LQEL manifolds are CC.

Theorem (Russo, —– - Russo)

A LQEL manifold is rational, Fano and has b2 ≤ 2. Those with
b2 = 2 are classified, while the others are prime Fanos with
i = n+δ

2 , or the Veronese variety v2(Pn). When δ ≥ 3, the variety
of lines Lx ⊂ Pn−1 is also LQEL, of secant defect δ − 2.
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DD manifolds

Definition

X ⊂ PN is a dual defective manifold (DD) if its dual variety X ∗ is
not a hypersurface. We let k denote the dual defect of X , that is
k = N − 1− dim(X ∗)

A theorem due to Beltrametti-Fania-Sommese reduces the
classification of DD manifolds to that of (prime) Fano DD ones.
Moreover, Ein proved that a prime Fano DD manifold has i ≥ n+3

2 .

Theorem (—– - Russo)

Assume X is a prime Fano which is DD. Then X is LQEL if and
only if δ = k + 2. Moreover, DD manifolds satisfy the HCL.
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We believe that a prime Fano DD is LQEL. To prove this, it would
be enough to show that δ ≥ 2 and k ≥ n − c − 1. The last
inequality would prove that DD manifolds also satisfy the HC.
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Some simple things

The best things in life
Are the simple things.
................... Joe Cocker
Specifically, a (simple) proof that

Theorem (—– - Russo)

A prime Fano manifold with i > n+1
2 + δ

4 and δ ≥ 2 is CC.

Step 1.
The inequality in the hypothesis ensures that X is covered by lines.
Moreover, the manifold Y =: P(PX ) is also Fano, the projection
φ : Y → TX being a Mori contraction. Let F be its general fiber,
which is a Fano manifold of dimension at least 2.
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The inequality in the hypothesis tells exactly that i(F ) > dim(F )+1
2 ,

so F is covered by lines.

Step 2.
This means that Y is covered by a family of ”horizontal” lines,
projecting onto lines covering X and contracted by φ.Take a
general point y ∈ Y , projecting to a (general) point x ∈ X and a
line l on Y , with y ∈ l . Let u ∈ TX be the point to which l is
contracted.Clearly, all (projective) tangent spaces Tt(X ), with
t ∈ l pass through u.
But

⋂
t∈l Tt(X ) is exactly the projective tangent space to the cone

of lines through x at a general point of the line l!
As the point u was general in Tx(X ), this means exactly that
TLx = Pn−1. So we have a fortiori SLx = Pn−1.
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Step 3.

Here we prove that X is connected by degenerate conics, i.e. the
cones of lines of two general points of X meet.This is (a special
case of) the theorem of Hwang-Kebekus quoted above. It is a
consequence of the Terracini Lemma.Let x ∈ X be a general point,
let l ′, l ′′ ∈ Lx be general lines and let x ′ ∈ l ′ and x ′′ ∈ l ′′ be
general points. Let dim(Lx) =: a and let C (x) denote the locus of
lines through x ∈ X .
Claim: dimx(C (x ′) ∩ C (x ′′)) ≤ 2a + 2− n (actually equality holds,
the other inequality being obvious).
Proof of the claim:
Since SLx = Pn−1, Terracini Lemma says precisely that
dim(Tx ′(C (x)) ∩ Tx ′′(C (x))) = 2a + 2− n.
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We have:
dimx(C (x ′) ∩ C (x ′′)) ≤ dim(Tx(C (x ′)) ∩ Tx(C (x ′′))) =
dim(Tx ′(C (x)) ∩ Tx ′′(C (x))) = 2a + 2− n.

Finally:
Let E be the locus of points lying on lines meeting C (x). We want
to prove that E = X , or, equivalently, that dim(E ) ≥ n.
If π : W → L is the family of lines covering X and ψ : W → X is
the projection, it is enough to see that for some fiber Ve of
ψ : V =: π−1(π(ψ−1(C (x))))→ E we have dim(Ve) ≤ 2a + 2− n;
note that dim(V ) = 2a + 2.
This follows from the previous claim, since
dim(Ve) = dim(C (x) ∩ C (e)).
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We have:
dimx(C (x ′) ∩ C (x ′′)) ≤ dim(Tx(C (x ′)) ∩ Tx(C (x ′′))) =
dim(Tx ′(C (x)) ∩ Tx ′′(C (x))) = 2a + 2− n.
Finally:
Let E be the locus of points lying on lines meeting C (x). We want
to prove that E = X , or, equivalently, that dim(E ) ≥ n.
If π : W → L is the family of lines covering X and ψ : W → X is
the projection, it is enough to see that for some fiber Ve of
ψ : V =: π−1(π(ψ−1(C (x))))→ E we have dim(Ve) ≤ 2a + 2− n;
note that dim(V ) = 2a + 2.
This follows from the previous claim, since
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The names that have to be mentioned

Classical Italian School: Fano, Scorza, Severi, Terracini...

Mori, Hwang-Mok;

Hartshorne;

Zak (for LQEL);

Ein (for DD);

Philippe & The Organizers (for the joyful opportunity)!
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