Regular vs. Classical Mobius Transformations
of the Quaternionic Unit Ball

Cinzia Bisi and Caterina Stoppato

Abstract The regular fractional transformations of the extended quaternionic space
have been recently introduced as variants of the classical linear fractional transfor-
mations. These variants have the advantage of being included in the class of slice
regular functions, introduced by Gentili and Struppa in 2006, so that they can be
studied with the useful tools available in this theory. We first consider their general
properties, then focus on the regular Mobius transformations of the quaternionic
unit ball B, comparing the latter with their classical analogs. In particular we study
the relation between the regular Mobius transformations and the Poincaré metric
of B, which is preserved by the classical Mobius transformations. Furthermore, we
announce a result that is a quaternionic analog of the Schwarz-Pick lemma.

1 Classical Mobius Transformations and Poincaré Distance on
the Quaternionic Unit Ball

A classical topic in quaternionic analysis is the study of Mobius transformations.
It is well known that the set of linear fractional transformations of the extended
quaternionic space H U {oo} = HP!

G= {g(q) =(aq+b) (cq+ad)!

a b
|:C d:|eGL(2,]HI)} (1)
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2 C. Bisi and C. Stoppato

is a group with respect to the composition operation. We recall that GL(2, H) de-
notes the group of 2 x 2 invertible quaternionic matrices, and that SL(2, H) denotes
the subgroup of those such matrices which have unit Dieudonné determinant (for
details, see [3] and references therein). It is known in literature that G is isomorphic
to PSL(2,H) = SL(2, H)/{£Id} and that all of its elements are conformal maps.
Among the works that treat this matter, even in the more general context of Clifford
Algebras, let us mention [1, 10, 19]. The alternative representation

G= {FA(cn =(gc+d)"" - (ga+b)

A=[Z ;:|eGL(2,H)} )

is also possible, and the anti-homomorphism GL(2, H) — G mapping A to F4 in-
duces an anti-isomorphism between PSL(2, H) and G. The group G is generated by
the following four types of transformations:

(i) Li(q) =q +b,bc

(i) La(g)=q-a,a€H, |a|=1;

(iii) L3(@)=r-g=gq-r,r eR*\ {0}
(iv) La(q)=q~".

Moreover, if .7 is the family of all real i-dimensional spheres, if & is the family
of all real i-dimensional affine subspaces of H and if .%; = .%; U &?; then G maps
elements of .%; onto elements of .%;, fori = 3, 2, 1. At this regard, see [20]; detailed
proofs of all these facts can be found in [3].

The subgroup Ml < G of (classical) Mébius transformations mapping the quater-
nionic open unit ball

B:{qu||q|<l}

onto itself has also been studied in detail. Let us denote H = | (1) 0 ]and

Sp(1,1) = {C € GL(2,H) | C'HC = H} C SL(2, H).

Theorem 1 An element g € G is a classical Mobius transformation of B if and only
ac

ifg(g) =(gc +d) . (ga + b) with [h d] e Sp(1, 1). This is equivalent to

g@)=v"'(1—qg0) "' (g — qo)u

for some u,v € 0B, qo € B.

For a proof, see [3]. Hence, M is anti-isomorphic to Sp(1, 1)/{£Id}. Since G
leaves invariant the family .% of circles and affine lines of HI, and since the elements
of G are conformal, the group M of classical Mobius transformations of B preserves
the following class of curves.

Definition 1 If g; # g2 € B are R-linearly dependent, then the diameter of B
through ¢q1, g2 is called the non-Euclidean line through g and g. Otherwise, the
non-Euclidean line through ¢ and ¢, is defined as the unique circle through g1, g2
that intersects 3B = S* orthogonally.
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Theorem 2 The formula

1+ 11— q1g21" g —612|> 3

=11 - q1q217 g1 — g2l
(for q1, g2 € B) defines a distance that has the non-Euclidean lines as its geodesics.
The elements of M and the map q — q are all isometries for 8.

1
SB(q1,q2) = 510g<

We refer the reader to [2]; a detailed presentation can be found in [3].

So far, we mentioned properties of the classical Mobius transformations that
are completely analogous to the complex case. However, the analogy fails on one
crucial point. The group M is not included in the best known analog of the class
of holomorphlc functlons the set of Fueter regular functions, i.e., the kernel of
on +im— 3x1 + ja 3x2 (see [18]). For instance, none of the rotations g — aq
witha € H, a #0 is Fueter regular, nor are any of the transformations listed as (i),
(ii), (iii), (iv) in our previous discussion The Variant of the Fueter class considered
in [11], defined as the kernel of - 8 sty dxl +7j E — k= S, includes part of the group,
for instance the rotations g +— qb for b € H, b # 0, but not all of it (for instance,
the left multiplication g — kg by the imaginary unit k is not in the kernel, nor is
g—q".

A more recent theory of quaternionic functions, introduced in [7, 8], has proven
to be more comprehensive. The theory is based on the next definition.

Definition 2 Let £2 be a domain in H and let f : £2 — H be a function. For all I €

={q 6H|q2= —1},letusdenote L; =R+ IR, 2; =2 N L; and f; Zf\rz,
The function f is called (Cullen or) slice regular if, for all I € S, the restriction f;
is real differentiable and the function 9; f : £2; — H defined by

- 1/ 0 d
fx+Iy)y=5| =+ 1—)fix+1y)
2\ dx ay
vanishes identically.

By direct computation, the class of slice regular functions includes all of the gen-
erators we listed as (i), (ii), (iii), (iv). It does not contain the whole group G (nor its
subgroup M), because composition does not, in general, preserve slice regularity.
However, [17] introduced the new classes of (slice) regular fractional transforma-
tions and (slice) regular Mobius transformations of B, which are nicely related to
the classical linear fractional transformations. They are presented in detail in Sects. 2
and 3.

One of the purposes of the present paper is, in fact, to compare the slice regu-
lar fractional transformations with the classical ones. Furthermore, we take a first
glance at the role played by slice regular Mobius transformations in the geometry
of B. In Sect. 4, we undertake a first study of their differential properties: we prove
that they are not, in general, conformal, and that they do not preserve the Poincaré
distance ég. In Sect. 5, we announce a result of [4]: a quaternionic analog of the
Schwarz-Pick lemma, which discloses the possibility of using slice regular func-
tions in the study of the intrinsic geometry of B.
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2 Regular Fractional Transformations

This section surveys the algebraic structure of slice regular functions, and its appli-
cation to the construction of regular fractional transformations. From now on, we
will omit the term ‘slice’ and refer to these functions as regular, tout court. Since
we will be interested only in regular functions on Euclidean balls

B(0,R)={g €H]|lq| <R},

or on the whole space H = B(0, +00), we will follow the presentation of [6, 16].
However, we point out that many of the results we are about to mention have been
generalized to a larger class of domains in [5].

Theorem 3 Fix R with 0 < R < 400 and let D be the set of regular functions
f : B(0,R) — H. Then Py coincides with the set of quaternionic power series
(@)= ,enq"an (with a, € H) converging in B(0, R). Moreover, defining the
regular multiplication * by the formula

(anan> * (anbn> = an Zakbn—kv 4
neN neN

neN k=0

we conclude that P is an associative real algebra with respect to +, *.

The ring Y admits a classical ring of quotients

Lr={f""xg|f g€ Dr, f#0].
In order to introduce it, we begin with the following definition.
Definition 3 Let f(q) = )_,cn¢"an be a regular function on an open ball B =

B(0, R). The regular conjugate of f, f¢: B — H,isdefinedas f°(q) =), cnq"an
and the symmetrization of f,as f* = f* fS = fx* f.

Notice that f*(q) =, q" 1 Withry =Y }_o akdn—i € R. Moreover, the zero
sets of f¢ and f* have been fully characterized.

Theorem 4 Let f be a regular function on B = B(0, R). For all x,y € R with
x + yS C B, the regular conjugate f° has as many zeros as f in x + yS. Moreover,
the zero set of the symmetrization f° is the union of the x + yS on which f has a
zero.

We are now ready for the definition of regular quotient. We denote by
Zi=1{q € B | h(q) =0}

the zero set of a function A.
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Definition 4 Let f,g: B = B(0, R) — H be regular functions. The left regular
quotient of f and g is the function f~* x g defined in B \ Z%s by

T xg@) =@ " xg(q). (5)

Moreover, the regular reciprocal of f is the function f~* = f~* % 1.

Left regular quotients proved to be regular in their domains of definition. If we
set (f*xg)x (W™ k)= (fh*)"' f % gxh¢«k then (Lg,+, %) is a division
algebra over R and it is the classical ring of quotients of (Zg, +, %) (see [14]). In
particular, £ coincides with the set of right regular quotients

gxh™* (@) =h" (@ g xh(@).
The definition of regular conjugation and symmetrization is extended to £y setting

(f7* %) =g (f)7 and (f ™+ 8)°(q) = f*(¢)”'¢* (). Furthermore, the
following relation between the left regular quotient f~* % g(g) and the quotient

f(q)"'g(g) holds.

Theorem 5 Let f, g be regular functions on B = B(0, R). Then
f*g(q):{o . iff(é]).ZO,

f@e(f(q@)~qf(q)) otherwise.

Setting Tr(q) = f¢(q)"'qf¢(q) forallq € B\ Zfs C B\ Zpe,

Fxg@) = F(Tr@) ' e(Tr (@), 7

forall g € B\ Zps. For all x,y € R with x + yS C B\ Zs, the function Ty
maps x + yS to itself (in particular Ty (x) = x for all x € R). Furthermore, Ty is a
diffeomorphism from B\ Zys onto itself, with inverse Tye.

(6)

We point out that, so far, no simple result relating g « A~*(q) to g(g)h(g)~" is
known.

This machinery allowed the introduction in [17] of regular analogs of linear frac-
tional transformations, and of Mdbius transformations of B. To each A = [Z 2] S
GL(2, H) we can associate the regular fractional transformation

Falq@)=(gc+d) " x(qa+b).

By the formula (gc + d)™™ % (qa + b) we denote the aforementioned left regular
quotient f ~*x g of f(g) =qgc+d and g(q) = ga + b. We denote the 2 x 2 identity
matrix as Id.

Theorem 6 Choose R > 0 and consider the ring of quotients of regular quater-
nionic functions in B(0, R), denoted by £R. Setting

fA=(fc+d) ™ x(fa+b) ®)

forall f € £ and forall A= [Z ;] € GL(2, H) defines a right action of GL(2, H)
on ZLr. A left action of GL(2, H) on Zr is defined setting

Al f=(a*f+b)x(cxf+d) ™ 9)
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The stabilizer of any element of £ with respect to either action includes the nor-
mal subgroup N = {t -1d | t € R\ {0}} < GL(2, H). Both actions are faithful when
reduced to PSL(2,H) = GL(2,H)/N.

The statements concerning the right action are proven in [17], the others can be
similarly derived. The two actions coincide in one special case.

Proposition 1 For all Hermitian matrices A = [Z fl] witha,d e R, b e H,

FA=(fb+d) *x(fa+b)=(axf+b)x(bx* f+d) *=A"f

Proof We observe that
(fb+d)y s (fa+b)y=(axf+b)x(bxf+d)~*
if, and only if,
(fa+b)x(bx*f+d)=(fb+d)*(@x*f+Db),
which is equivalent to

af xbx f 4+ |b)>f +adf +db=af xbx f +adf + |b|> f + db. 0
In general, a more subtle relation holds between the two actions.

Remark 1 For all A € GL(2, H) and for all f € %, by direct computation
(f.A)° = A" f€.
As a consequence, if A € GL(2, H) is Hermitian then (f.A)¢ = f€.A.
Interestingly, neither action is free, not even when reduced to PSL(2, H). Indeed,
the stabilizer of the identity function with respect to either action of GL(2, H)) equals
{c-1d|ceH\{0}},

a subgroup of GL(2,H) that strictly includes N and is not normal. As a conse-
quence, the set of regular fractional transformations

&={F4|AcGLQ2,R)} ={Fa| AeSL2,R)},
which is the orbit of the identity function id = %1q under the right action of
GL(2,H) on %5, does not inherit a group structure from GL(2, H).

Lemma 1 The set & of regular fractional transformations is also the orbit of id
with respect to the left action of GL(2, H) on Zx.

Proof Let A = [Z 2] € GL(2,H), and let us prove that %4 = id.A can also be
expressed as C.id for some C € GL(2, H). If ¢ = 0 then

Falq)=d " x(qa+b)=(d"'a)xq+d b,
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else

Fa@ =F1,@) =g —p) *x@qa+p) =[q—p’] (¢ - p)*ga+p
for some p, o, B € H. If p = x + Iy then there exists p € x + yS and y, § € H such
that (¢ — p) * (ga + B) = (qy +8) * (g — p); additionally, (g — p)* = (¢ — p)°
(see [6] for details). Hence,

Fa@)=[q-p’] qr+8 - p)
=@y +8)x(q—p) = *xq+8*(q—p "

which is of the desired form. Similar manipulations prove that for all C € GL(2, H)),
the function C.id equals .#4 = id.A for some A € GL(2, H). O

‘We now state an immediate consequence of the previous lemma and of Remark 1.

Remark 2 The set & of regular fractional transformations is preserved by regular
conjugation.

3 Regular Mobius Transformations of B

The regular fractional transformations that map the open quaternionic unit ball B
onto itself, called regular Mdbius transformations of B, are characterized by two
results of [17].

Theorem 7 Forall A € SL(2, H), the regular fractional transformation % 4 maps B
onto itself ifand only if A € Sp(1, 1), if and only if there exist (unique) u € 0B, a € B
such that

Falq)=(1—qa)"" x(q —a)u. (10)
In particular, the set M ={f € & | f(B) = B} of the regular Mébius transforma-
tions of B is the orbit of the identity function under the right action of Sp(1, 1).

Theorem 8 The class of regular bijective functions f : B — B coincides with the
class 9N of regular Mobius transformations of B.

As a consequence, the right action of Sp(1, 1) preserves the class of regular bi-
jective functions from B onto itself. We now study, more in general, the effect of the
actions of Sp(1, 1) on the class

Reg(B,B) ={f:B— B| f is regular}.

Proposition 2 If f € Reg(B, B) then foralla € B
(I-fa)y " *(f-a)=(f-ax1—axf)" a1
Moreover, the left and right actions of Sp(1, 1) preserve Reg(B, B).
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Proof The factthat (1 — fa) ™ x(f —a) = (f —a)* (1 —ax* f)~* is a consequence
of Proposition 1.

Let us turn to the second statement, proving that for all a € B, u, v € 9B, the
function

f=v*x (= fa)y™*=(f —au=@— fav) ™ *(f —au
isin Reg(B, B). The fact that forall a € B, u, v € 9B the function u x (f —a) * (1 —
ax* )~ xv™* belongs to Reg(B, B) will then follow from the equality just proven.
The function f is regular in B since & = v — fav has no zero in B (as a conse-
quence of the fact that |a| < 1, | f| < 1 and |v| = 1). Furthermore,

F=@=(foTwav) " (foTy—au
=v (1= (fo Th)c_l)_l(fo Th—a)u=v"' (Mo foTyu

where Thﬂand M,(q) = (1 —qa)~'(q —a) map B to itself bijectively and u, v € dB.
Hence, f =v "% (1 — fa) ™ * (f — a) *u € Reg(B, B), as desired. O

As a byproduct, we obtain that the orbit of the identity function under the left
action of Sp(1, 1) equals 1.

Proposition 3 If f € Reg(B, B) then its regular conjugate f belongs to Reg(B, B)
as well. Furthermore, f€ is bijective (hence an element of ) if and only if f is.

Proof Suppose f(p) =a € H\ B for some p =x + Iy € B. Then p is a zero of
the regular function f¢ — a. By Theorem 4, there exists p € x + yS C B such that
(f¢ —a)¢ = f —a vanishes at p. Hence, f(B) includes a € H \ B, a contradiction
with the hypothesis f(B) C B.

As for the second statement, f¢ is bijective if and only if, for all a € B, there
exists a unique p € B such that f“(p) = a. Reasoning as above, we conclude that
this happens if and only if for all a € B, there exists a unique p € B such that
f(p) =a. This is equivalent to the bijectivity of f. O

4 Differential and Metric Properties of Regular Mobius
Transformations

The present section is concerned with two natural questions:

(a) whether the regular Mdbius transformations are conformal (as the classical
MGoébius transformations);

(b) whether they preserve the quaternionic Poincaré distance defined on B by for-
mula (3).
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For a complete description of the Poincaré metric, see [3]. In order to answer ques-
tion (a), we will compute for a regular Mobius transformation the series develop-
ment introduced by the following result of [15]. Let us set

Uxo+ S, 1) = {g € H | |(q — x0)* + 32| < r?}

for all xg, yo e R, r > 0.

Theorem 9 Let f be a regular function on §2 = B(0, R), and let U(xy +
oS, r) C £2. Then for each qo € xo + yoS there exists {A, }neny C H such that

F@ =Y [(q—x0*+3]"[A2 + (g — 90) Azn11] (12)
neN

Jorall g € U(xo + yoS, r). As a consequence,

y( )_hmf(qo+tv)—f(qo)
v 10 = 5% t

=vA1 + (qov — vg0) A2 (13)
forallv e T, 2 =H.

If go € L and if we split the tangent space T, 2 =HasH=L; ® L+, then the
differential of f at go acts by right multiplication by A on Lf and by right multi-
plication by A1 + 2Im(gop)A2 on L;. Furthermore, if for all go € 2 the differential
quotient Ry, f is defined as

Ry (@)= (g —q0) "% (f (@) — f(qo0))

then the coefficients of (12) are computed as Ay, = (Rg,Ryy)" f(go) and A,y =
Rqo (Rrjo Rqo)n f(éfo) .
Let us recall the definition of the Cullen derivative 0. f, given in [8] as

1/0 Bl
Oefx+Iy)y=z|——1—|f(x+1y) (14)
2\ dx ay
for I €8S, x, y € R, as well as the definition of the spherical derivative
o f(q) = (2Im(@)) " (f (@) — (@) (15)

given in [9]. We can make the following observation.

Remark 3 1If f is a regular function on B(0, R) and if (12) holds then o, f(qo) =
Ry, f(qo) = A1 +21Im(qo) Az and 05 f(q0) = Ry, f(q0) = Ay.

In the case of the regular Mobius transformation
May(q) = (1 —qgo)" * (g —q0) = (q — q0) * (1 —gqgo) ",

clearly Ry,.#,,(q) = (1 — qgo)™*, so that we easily compute the coefficients A,,.

Proposition 4 Let gy = xo + yol € B. Then the expansion (12) of .#y, at qo has
coefficients
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éZn—2
A1 = 0 ——, (16)
T = lgoP)n A - g2y
-2n—1
99
Aoy = - (17)
T A= lgor (1 =g
foralln > 1. As a consequence, for all v € H,
8%% _o—1 - C?o
——(qo)=v(l —¢q + (qov — vq0) —-. (18)
ov (1=40) (1 —lgo (1 - 33)

Proof We have already observed that Ry, .#,,(q) = (1 — ggo)™", so that A =
RyoMqy(Go) = (1 — G3)~". Moreover,
Ry Ryg- 4y (q) = (q = Go) ™" # [Ry- Mg (9) — A1]
=(q —q0) " *[(1 —qqo) ™" — A{]
=(1—q40) " * (g — o) " *[(1 - 43) — (1 — qg0)] A1
= (1 -qg0) "qoA1.

The thesis follows by induction, proving that for all n > 1

(RqORqo)n'%qo (Q) =(1- 6]6?0)_*670142;1—1,
Ry (RgyRy)" M qy(q) = (1 — q4o)™"GoAan
by means of similar computations.

Formula (18) is a direct application of the previous formula (13) and of the above
computations. 0

We are now in a position to answer question (a).

Remark 4 For each qo = xo + Iyo € B \ R, the differential of .#,, at qo acts by
right multiplication by 9..#,(qo) = (1 — Igo/»)~! on L; and by right multipli-
cation by d;.#,,(q0) = (1 — g3)~! on L7. Since L;, L{ are both invariant and
0c Mgy (qo), 05 My, (qo) have different moduli, .#, is not conformal.

We now turn our attention to question (b): whether or not regular Mobius trans-
formations preserve the quaternionic Poincaré metric on B described in Sect. 1 and
in [3]. We recall that this metric was constructed to be preserved by the classical
(nonregular) Mobius transformations of B. Thanks to Theorem 5, we observe what
follows.

Remark 5 1f My, (q) = (1 — o) ™™ * (g — qo) and My, (q) = (1 — gdo) "' (g — qo)
then
May(9) = Moy (T (9)) (19)

where T'(¢) = (1 — gq0) " 'q(1 — gqo) is a diffeomorphism of B with inverse func-
tion 7~'(¢) = (1 — ¢40)~'¢(1 — q40)-
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Thus, a generic regular Mobius transformation of B

q > May(q)u = Mg (T (q))u

(with u € dB) is an isometry if and only if T is. An example shows that this is not
the case.

Example 1 Let g = 170 for some Iy € S. Then T(g) = (1 — qqo)_lq(l —qqo) is
not an isometry for the Poincaré metric defined by formula (3). Indeed, if Jy € S,
Jo L Ip then setting g1 = % we have

88(q0, 1) > 88(T (0), T(q1))

since
g1 —qol* _ 12Jo — 21> _ 8
Il =q1qol®> |44 Jo- D> 17
while, computing T (go) = qo = 17" and T (q1) = 810“;#, we conclude that
IT(q1) —qol* _, |1-3lo+5J> 8

[T =T (g1)q0l? [20—51y- Jo|?> 25

Thus, the regular Mobius transformations do not have a definite behavior with re-
spect to 6p: we have seen that 7' (hence //[qo) is not an isometry, nor a dilation; the
same computation shows that 7~ !(¢) = (1 — ¢go) ~'q(1 — qgo) (hence .#,) is not
a contraction.

The previous discussion proves that the study of regular Mobius transformations
cannot be framed into the classical study of B, and that it requires further research.
On the other hand, the theory of regular functions provides working tools that were
not available for the classical Mobius transformations. These tools led us in [4] to
an analog of the Schwarz-Pick lemma, which we will present in the next section.

5 The Schwarz-Pick Lemma for Regular Functions

In the complex case, holomorphic functions play a crucial role in the study of the
intrinsic geometry of the unit disc A = {z € C| |z| < 1} thanks to the Schwarz-Pick
lemma [12, 13].

Theorem 10 Let f : A — A be a holomorphic function and let 7o € A. Then

f (@) — f(zo0) |2z | (20)
1= fGo)f@@)| |1—20z
forall z € A and
| f'(z0)] - 1 @1

L= 1f@o)I* = 1=zl
All inequalities are strict for z € A\ {z0}, unless f is a Mobius transformation.
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This is exactly the type of tool that is not available, in the quaternionic case, for
the classical Mobius transformations. To the contrary, an analog of the Schwarz-
Pick lemma is proven in [4] for quaternionic regular functions. To present it, we
begin with a result concerning the special case of a function f € Reg(B, B) having
a zero.

Theorem 11 If f : B — B is regular and if f(qo) = 0 for some qo € B, then
|4, f(@)] <1 (22)
for all g € B. The inequality is strict, unless ,///(;0* * f(q) =u for some u € 9B.

A useful property of the moduli of regular products is also proven in [4]:

Lemma?2 Let f, g, h: B(0, R) — H be regular functions. If | f| < |g| then |h* f| <
|h % g|. Moreover, if | f| < |g| then |h % f| < |h*xg| in B\ 2.

The property above allows us to derive from Theorem 11 the perfect analog of
the Schwarz-Pick lemma in the special case f(gg) = 0. We recall that 9. f denotes
the Cullen derivative of f, defined by formula (14), while 9, f denotes the spherical
derivative, defined by formula (15).

Corollary 1 If f : B — B is regular and if f(qo) = 0 for some qo € B then

\f(@)] < |44, (@)] (23)

for all g € B. The inequality is strict at all g € B\ {qo}, unless there exists u € 0B
such that f(q) = My, (q) - u at all g € B. Moreover, |Ry, f(g)| < |(1 — qgo) ™| in
B and in particular

1
‘3cf(6]0)} = 1_7|q0|2, (24)

|85 f (q0)| < (25)

I1—ggl

These inequalities are strict, unless f(q) = My,(q) - u for some u € 9B.
Finally, the desired result is obtained in full generality.

Theorem 12 (Schwarz-Pick lemma) Let f : B — B be a regular function and let
qo € B. Then

|(f (@) — @) * (1= flgo) * (@) | <|(q—q0)* (1 —Go*xq)~*
|Rgo f(@) % (1= flqo) * (@) 7| = |(1 —qoxq)™*| 27)

in B. In particular,

. (26)

joc * (1= 7o) * f @) 7], < T (28)
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0@l _ 1
11— f5(qo)l ~ |1 — g3l
If f is a regular Mobius transformation of B then equality holds in (26), (27) for all

q € B, and in (28), (29). Else, all the aforementioned inequalities are strict (except
for (26) at qo, which reduces to 0 <0).

(29)

This promising result makes it reasonable to expect that regular functions play
an important role in the intrinsic geometry of the quaternionic unit ball. Therefore,
it encourages to continue the study of regular Mobius transformations and of their
differential or metric properties.

References

1. Ahlfors, L.V.: Mobius transformations in R" expressed through 2 x 2 matrices of Clifford
numbers. Complex Var. Theory Appl. 5(2—4), 215-224 (1986)
2. Ahlfors, L.V.: Cross-ratios and Schwarzian derivatives in R”. In: Complex Analysis, pp. 1-15.
Birkhiuser, Basel (1988)
3. Bisi, C., Gentili, G.: Mobius transformations and the Poincaré distance in the quaternionic
setting. Indiana Univ. Math. J. 58(6), 2729-2764 (2009)
4. Bisi, C., Stoppato, C.: The Schwarz-Pick lemma for slice regular functions. Indiana Univ.
Math. J. (2012). doi:10.1512/iumj.2012.61.5076
5. Colombo, F., Gentili, G., Sabadini, I., Struppa, D.: Extension results for slice regular functions
of a quaternionic variable. Adv. Math. 222, 1793-1808 (2009)
6. Gentili, G., Stoppato, C.: Zeros of regular functions and polynomials of a quaternionic vari-
able. Mich. Math. J. 56(3), 655-667 (2008)
7. Gentili, G., Struppa, D.C.: A new approach to Cullen-regular functions of a quaternionic vari-
able. C. R. Math. Acad. Sci. Paris 342(10), 741-744 (2006)
8. Gentili, G., Struppa, D.C.: A new theory of regular functions of a quaternionic variable. Adv.
Math. 216(1), 279-301 (2007)
9. Ghiloni, R., Perotti, A.: Slice regular functions on real alternative algebras. Adv. Math. 226(2),
1662-1691 (2011)
10. Maass, H.: Automorphe Funktionen von meheren Verinderlichen und Dirichletsche Reihen.
Abh. Math. Semin. Univ. Hamb. 16, 72-100 (1949)
11. Perotti, A.: Regular quaternionic functions and conformal mappings. CUBO 11(1), 123-143
(2009)
12. Pick, G.: Uber eine Eigenschaft der konformen Abbildung kreisformiger Bereiche. Math. Ann.
77(1), 1-6 (1915)
13. Pick, G.: Uber die Beschriinkungen analytischer Funktionen, welche durch vorgegebene Funk-
tionswerte bewirkt werden. Math. Ann. 77(1), 7-23 (1915)
14. Rowen, L.H.: Ring Theory, student edition. Academic Press, Boston (1991)
15. Stoppato, C.: A new series expansion for slice regular functions. Adv. Math. 231, 1401-1416
(2012)
16. Stoppato, C.: Poles of regular quaternionic functions. Complex Var. Elliptic Equ. 54(11),
1001-1018 (2009)
17. Stoppato, C.: Regular Moebius transformations of the space of quaternions. Ann. Glob. Anal.
Geom. 39(4), 387-401 (2011)
18. Sudbery, A.: Quaternionic analysis. Math. Proc. Camb. Philos. Soc. 85(2), 199-224 (1979)
19. Vahlen, K.T.: Ueber Bewegungen und complexe Zahlen. Math. Ann. 55(4), 585-593 (1902)
20. Wilker, J.B.: The quaternion formalism for Mbius groups in four or fewer dimensions. Linear
Algebra Appl. 190, 99-136 (1993)


http://dx.doi.org/10.1512/iumj.2012.61.5076

	Regular vs. Classical Möbius Transformations of the Quaternionic Unit Ball
	1 Classical Möbius Transformations and Poincaré Distance on the Quaternionic Unit Ball
	2 Regular Fractional Transformations
	3 Regular Möbius Transformations of B
	4 Differential and Metric Properties of Regular Möbius Transformations
	5 The Schwarz-Pick Lemma for Regular Functions
	References


