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ABSTRACT. In 1973 Brylawski introduced and studied in detail the dominance partial order on
the set Par(m) of all the integer partitions of a fixed positive integer m. As it is well known, the
dominance order is one of the most important partial orders on the finite set Par(m). Therefore
it is very natural to ask how it changes if we allow the summands of an integer partition to
take also negative values. In such a case, m can be an arbitrary integer and Par(m) becomes
an infinite set. In this paper we extend the classical dominance order in this more general case.
In particular, we consider the resulting lattice Par(m) as an infinite increasing union on n of
a sequence of finite lattices O(m, n). The lattice O(m,n) can be considered a generalization of
the Brylawski lattice. We study in detail the lattice structure of O(m,n).

1. INTRODUCTION

The dominance order for the integer partitions of a fixed positive integer m was introduced and
studied by Brylawski in [11]. This partial order is very important in the symmetric functions
theory (see [22]) and in symmetric group representation theory (see [26]). Up to now the
dominance order has been studied only for integer partitions with positive summands. In this
case, the set of all the integer partitions having fixed sum m is a finite set. What happens if we
try to extend this order in the event that the summands of the partitions can also have negative
value?

In [6] and [20], the authors have been recently studied some arithmetical properties of the
signed integer partitions. If m is a fixed integer, a signed partition with sum m is a finite se-
quence of integers ag,...,a1,a—1,...,a_; such that ap, > --->a;1 >0>a_1 > --- > a_; and
ag+---+a1+a_1+---+a_; =m. In [11] Brylawski introduced and studied the lattice Lg(m)
of the classical integer partitions having sum m > 0 with respect to the dominance order. At
present, however, an explicit study of the signed integer partitions from the order point of view
has not been started yet. A poset S(n,r), depending on two non negative integers n > r > 0,
which can be considered a lattice of a particular type of signed partitions, has been introduced
in [8] in order to study some extremal combinatorial sum problems. S(n,r) is isomorphic to
the direct product M(r) x M(n — r)*, where M(n) is the lattice of all the integer partitions
with distinct parts and maximum part not exceeding n, introduced by Stanley in [28]. In this
paper we introduce the concept of dominance order < for signed integer partitions having sum
m, where now m can be any integer. The main novelty in this new context is that the set of
the signed partitions with sum m and order < is a infinite poset, that we denote by Par(m).
Therefore, in order to use finite methods, we introduce another integer n > 0 and we consider
the sub-poset O(m,n) of Par(m) with exactly n non negative summands and exactly n non
positive summands whose absolute value of the extremal summands is at most n. In this way
we obtain an increasing chain O(m,0) C O(m,1) € O(m,2) C --- of sub-posets of Par(m)
such that Par(m) = J,,~o O(m, n) and we study the poset O(m,n) as a local model of Par(m).
At first we determine the not obvious covering relation in the poset O(m,n). The better way
to describe with precision the covering relation in O(m,n) is to consider O(m,n) as a discrete
dynamical model with some evolution rules. The way to study a lattice of classical partitions as
a discrete dynamic model having some particular evolution rules begins implicitly in [11], where
Brylawski proposed a dynamical approach to study the lattice Lg(m). However, the explicit
theoretical association between integer partitions and discrete dynamical model begins in [15],
where Goles and Kiwi introduced the Sand Piles Model SPM (m). If m is a non negative inte-
ger, a configuration of SPM (m) is represented by an ordered partition of m, i.e. a decreasing
sequence a = (aq, ..., an,) of non negative integers having sum m, and each positive entire unit
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is interpreted as a sand grain whose movement respects the following rule:

Rule 1 (vertical rule): one grain can move from a column to the next column if the difference
of height of these two columns is greater than or equal to 2.

The discrete dynamical model SPM (m) is a very interesting graded sub-lattice of L(m) (see
[15]) that has inspired a wide literature on topics related to it (see for example [12], [13], [14],
[16], [17], [19], [21], [24]).

In the scope of the discrete dynamical systems (see [1], [2], [3], [4], [5], [7], [18], [23]), the Bry-
lawski lattice can be interpreted then as the model Lp(m), where the movement of a sand grain
respects the previous Rule 1 and the following Rule 2:

Rule 2 (horizontal rule): If a column containing p + 1 grains, is followed by a sequence of
columns containing p grains and next by one column containing p — 1 grains, then one grain of
the first column can slip to the last column.

The previous rules in our model O(m, n) become more complicated because we have the necessity
to establish a balancing between positive and negative summands of the signed partitions.

We give now a brief description of the several sections of this paper. In section 2 we introduce
the infinite set P(m) of all the signed partitions of a fixed integer m. On P(m) we define at
first a quasi-order < (i.e. a binary reflexive and transitive relation) and next we define the
signed dominance order poset Par(m) as a quotient poset of the quasi-poset (P(m),<). We
prove that Par(m) has a lattice-structure by means of the increasing chain {O(m,n)},>0 of its
finite sub-posets whose union is Par(m). In section 3 we study the lattice O(m,n) as a discrete
dynamical model by means of some evolution rules that generalize the classical evolution rules
of the Brylawski model. We prove that these rules completely characterize the covering relations
of O(m,n). In section 4 we use the results established in section 3 in order to determine the
maximum number of elements that an element of O(m,n) can cover in O(m,n). In section 5
we extend the classical duality concept in the case of signed partitions and we show that this
duality is an anti-automorphism in the lattice O(m,n). As a consequence of the duality we also
deduce some structural properties of O(m,n). In section 6 we describe in detail the structure
of the local intervals in O(m,n). This description is particularly useful if someone want to
study the sequential and parallel dynamics of our model. For example, the characterization of
the local intervals given in [11] is widely used in order to find non-trivial properties in all the
discrete dynamical models that are extracted from the Brylawski lattice (see [17]). Finally, in
section 7 we use all the results established in the previous sections in order to determine the
Mébius function of the lattice O(m,n).

2. THE SIGNED DOMINANCE ORDER LATTICE

We begin with the definition of a signed partition, which was introduced in [6] and studied in
[20] from an arithmetical point of view.

Definition 2.1. Let p and q be two non-negative integers. A signed partition (briefly s-partition)

with balance (p,q) is a finite sequence w of integers wy, ..., Wp, Wpt1, ..., Wptq, called parts of
w, such that wy > -+ > w, > 0 > wpp1 > -+ > Wppq. A s-partition is a s-partition with
balance (p,q), for some non-negative integers p and q.

In what follows we write w in the following form w = (w1,...,wplwpt1, ..., Wpiq), however
in the numerical examples we write w = wy ... wp | |wpt1|...|wptq|, Where |w;| is the absolute

value of w;. If it is not necessary to distinguish which parts of a s-partition w are non-negative
integers and which are non-positive integers, we simply write w = Iy - - - l,,, with [; integer for
it =1,...,n. We shall denote by P the set of all the s-partitions. We call wy,...,w, the non-
negative parts of w and wpy1, ..., wpyq the non-positive parts of w; also, we call positive parts of
w the integers w; with w; > 0 and negative parts of w the integers w; with w; < 0. We denote
by (]) the empty s-partition, i.e. the s-partition without parts. If w € P and m is an integer
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such that m = wy + - -+ + wp + Wp41 + - -+ + Wpyg, We say that w is a s-partition of the integer
m and we shall write w = m. We set then P(m) := {w € P:wt m}.

Remark on Notation 2.2. If w is a s-partition, we denote by {w > 0} fw > 0}/ the multi-
set of all the non-negative [positive] parts of w and by {w < 0} {w < 0}/ the multi-set of the
absolute values of all the non-positive [negative] parts of w. We denote respectively with |w|>,
lwl<, |w|s, |w|< the cardinality of {w > 0}, {w < 0}, {w > 0}, {w < 0}. We call the ordered
couple (|w|s,|w|<) the signature of w and we note that (Jw|>, |w|<) is exactly the balance of w.
Finally, we set ||w|| = |w|s + |w]|<.

For example, if w = 444221000/011333, then {w > 0} = {43,22, 11,03}, {w < 0} = {0', 12,33},
{w > 0} = {43,221}, {w < 0} = {1%,33}, w has balance (Jw|s,|w|<) = (9,6) and signature
(|w‘>7 ’w‘<) = (675)

If w is a s-partition having signature (¢, s) and balance (p, q), then w has the form

(1) w = (wlu sy Wi, Wit 1, - - - 7wp’/wp+1) ooy Wptg—s, Wptg—s+1;s--- 7wp+q)

where w1 > -+ > wy > 0> wpygsy1 = 0 = Wpigy Wp = ... = wp = 0 and wpy1 = ... =
Wptq—s = 0. We also write the s-partition in (1) in the following form:

(2) w = (’Ll)l, ceey Wi, Op—tloq—a Wp+4q—s+1y--- ,wp+q)

If w is a s-partition as in (2), we call reduced s-partition of w the following s-partition:

(3) w' = (wl, PN ,wt]wp+q_s+1, N ,?Up+q)

Let now m be a fixed integer. If v =1y ---1,, and w = [} - - - I/, are two s-partitions in P(m) with
the same balance we define:

(4) ww ifandonly if Iy +lo+ -+ L <G L+ -+

forall i € {1,...,n}.
If w is a s-partition having signature (s,¢) and N is an integer satisfying N > max{s,t} then

we define a s-partition @™ = (W1, ..., Way), having balance (N, N), as follows:
w! if1<i<s
W,:=<¢ 0 ifs<i<2N -t

W gniprs 2N —t<i<2N

where w" is the reduced s-partition of w.

For example if w = (32100]014) and N = 5, then w” = (321/14) and @Y = (32100]00014).

We define then on P(m) the following binary relation: if v,w € P(m), with signatures (s, )
and (i, 7) respectively, we set

(5) v<dw if and only if T <@,

where the integer N needs to satisfy N > max{s,t,,7}. The following proposition is directly
derived.

Proposition 2.3. < is a quasi-order on the set P(m); moreover, if v, w are two s-partition in
P(m) with signatures (s,t) and (i,j) respectively, then the following conditions are equivalent:
(i) v Qw;

(ii) v <@ for any N > max{s,t,i,7}.

If v,w € P(m), we set

(6) v~w ifandonly if {v>0}={w>0}and {v<0}={w<0}
Then ~ is an equivalence relation on P(m) and it results that

(7) v~w ifandonlyif v<wand w<wv

Notice that if v and w are two s-partitions in P(m), then v = w iff v and w are uniform and
v~ w.

By (7) it follows that ~ is exactly the equivalence relation on P(m) induced from the quasi-order
<, therefore if F is any subset of P(m), we can consider on the quotient set ¥/ ~ the usual
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partial order induced by <, that we here denote <. We recall that <’ is defined as follows: if
[v], [w] € F/ ~ then

(8) [v] < [w] if and only if v <Jw
for any/all v,w € F. In the next definition we introduce our principal object of study.

Definition 2.4. We call signed dominance order poset of the integer m the partially ordered
set Par(m) := (P(m)/ ~,<).

If w € F, in some case we set [w]?, = {v € F: v ~ w}, that is the equivalence class of w in
F/ ~.

Remark 2.5. If F C H C P we can consider F/ ~ as a subset of H/ ~ through the identification
of [v]T with [v)X, for eachv € F. Therefore, if F C H C P we can always assume that (F/ ~ <)
is a sub-poset of (H/ ~,<').

Let now n be a fixed non-negative integer and let O(m,n) be the subset of Par(m) with at
most n positive summands, at most n negative summands, and no summands a; with |a;| > n.
In what follows, by the previous discussion, we shall use w rather than W' whenever working
in O(m,n), and thus it results:

O(m,n) :={(wi,...,wp|Wn41,...,w2,) € P(M): n>wi, way, > —n}

Moreover, we continue to denote the partial order <’ with the symbol <. With the notation
v <lw we mean v <Jw with v # w. We also write w < w’ if w’ covers w with respect to the partial
order <.

Let us note that O(m,n) is non empty if and only if —n? < m < n?, therefore we shall assume
—n? < m < n?. We set now

X (ny...,n,r,0,...,00 —n,...,—n) if m<O0
1mn=< (n,...,n[0,...,0,—r,—n,...,—n) if m >0
(ny...,n|—n,...,—n) if m=0,

with n and —n repeated exactly k times respectively when m < 0 and m > 0, where k£ and r
are the unique non-negative integers such that n? — |m| = kn + r, with r < n. We also set

R (0,...,0|=h,....,—h,—(h+1),....,—(h+1)) if m<O0
0" :=<¢ (h+1,...,h+1,h,...,h|0,...,0) if m>0
0,...,0]0,...,0) if m =0,

with —(h 4+ 1) and h + 1 repeated exactly s times respectively when m < 0 and m > 0, where
h and s are the unique non-negative integers such that |m| = hn + s, with s < n. Let us note
that s > 0 implies h + 1 < n because |m| < n?.

Theorem 2.6. O(m,n) is a lattice with mazimum 1™™ and minimum 0™,

Proof. We prove at first that 0™" < w < 1™ for all w € O(m,n). We consider only the
case m > 0, because with a similar argument we can also prove the other cases. Let w =
(W1, .oy WolWntt, ..., wap) € O(m,n). Sincen > wy > -+ > w, >0, we have Y 7_, w; < jn for
each j € {1,...,n} and the same inequality obviously still holds for each j € {n+1,...,2n—k—
1}. Moreover, for each j € {2n—k,...,2n}, we have ngjﬂ wj > (2n—j)(—n), which is equal to
the sum of the last 2n—j entries in 1™ Hence wﬁlim’”. On the other hand, since Z?zl w; > m,
we have Zf;ll w; > j(h+1) for each j in {1,...,s} and > 7, w; > s(h+1)+ (j —s)h = s+ jh
for each j in {s 4+ 1,...,n}. Note that the members on the right-hand side in the previous
inequalities are equal to the sums of the first j integers in 0™". Because w1, ...,ws, are
non-positive, the inequality Zgzl w; > m holds for each j € n+1,---2n. Hence 0 < .

We denote now by H(m,n) the set of all the (2n 4+ 1)-ples of integers T' = (to,t1,...,tn :
tntl, - -, tan) having the following properties:

(H1): 0=ty <t; <--- <ty >tps1 >+ > ta, = m (unimodality).
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(H2): 2t; > t;—1 +t;4q1 for i =1,...,2n — 1 (concavity).

(H3) tl — to <n and ton — ton—1 > —n.

If w=(wy,...,wp|lwpt1,...,w2,) € O(m,n), we set
W= (80,81y-3Sn : Snt1s---52m),
where sg := 0, s, := Zle w; for k = 1,...,2n. It is immediate to verify that @ € H(m,n).

Therefore we can consider the application A : O(m,n) — H(m,n) such that A(w) = w. The
map A is bijective. It follows immediately from the definition of w and simple arithmetic that

A is injective, so it remains to show that A is surjective. If T' = (to,t1,...,tn : tni1,.--,ton) €
H(m,n), we take w; :=t; —t;—1 for i = 1,...,2n. By (H1), (H2) and (H3) we deduce then that
w = (Wi, ..., Wp|Wn41,-..,wWwsy,) is an element of O(m,n) such that w =T.

If T = (ty,ty,...,t, c th 1., th,) and T = (tg, t1,... t; : tn q,...,t5,) are two elements

of H(m,n), we set w(T',T") := (to,t1,...,tn : tnti,-..,t2n), where ¢t; = min{t,t/} for i =
0,1,...,2n. It is easy then to verify that w(T",T") € H(m,n). Let now w',w” € O(m,n) and
T = w(A(w'),A(w")). Since T € H(m,n) and A is bijective, there exists a unique element
w € O(m,n) such that w = T'. From the definitions of @ and of dominance order it follows that
w is exactly the maximal lower bound of the elements w’ and w” with respect to the partial
order . Hence w = w' A w”. Thus O(m,n) has always a maximum element 17",

Finally, if w,w’ € O(m,n) the set of the upper bounds of w and w’ is not-empty because it
always contains 1", therefore we take u = A{z € O(m,n) : 2 D w,z J w'} in order to have

u=uwVu" O

Example 2.7. Let m = —7 and n = 8. If we take w' = 75444220|44444555 and w” =
85433220|33334468 as elements of O(—7,8), then

Aw') = (0,7,12,16, 20,24, 26, 28,28 : 24,20,16,12,8,3, -2, —7)

and

A(w”) = (0,8,13,17, 20,23, 25,27,27 : 24,21,18,15,11,7,1, 7).

So that, if T'= w(A(w’), A(w”)), then

T =1(0,7,12,16,20, 23, 25,27,27 : 24,20, 16,12,8,3, —2, —7).

The signed partition w € O(—7,8) such that & = T is w = 75443220/34444555. Hence w =
w Aw”.

Below we draw the Hasse diagram of the lattice O(—4, 3):
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0(—4,3) :

320|333

311]333
221(333 ’ 310[233
220[233
211/233 300[133
210/133 300/223
111]133 210[223
110033 200[123
110[123 200[222
100(023 110[222
100[113
000|013 100[122
0022

Fig.1 e000]112
As a direct consequence of the previous theorem we obtain the following result.
Corollary 2.8. Par(m) is a lattice.

Proof. It suffices to note that the poset Par(m) can be identified with the increasing union of
its sub-posets O(m,n), for n =0,1,2,.... O

3. O(m,n) AS A DISCRETE DYNAMICAL MODEL

In order to describe better the covering rules of the lattice O(m,n), in this section we consider
O(m,n) as a particular type of discrete dynamical model. A discrete dynamical model is a
system whose elements (called configurations) evolve in discrete time under certain evolution
rules (see [1], [2], [3], [4], [5], [7], [17], [18], [23] for several interesting studies concerning such
models). In our case a configuration is an element of O(m,n). We describe now the evolution
rules of our model. In order to illustrate how such rules act in O(m,n), we represent any signed
partition w € O(m,n) by using two square-boxes, one for the non negative parts (on the left)
and the other for the non positive parts (on the right). Each positive unit is represented as
a black ball in the left square-box and each negative unit as a black ball in the right square-
box. Therefore, in the following pictures, when we sum +1 [—1] over a negative part, the
corresponding negative column of black balls (in the right square-box) loses [gains] a ball. For
example if w = 53210|00245 € O(0,5), then we represent w as in the next picture:
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Ifi € {1,2,...,2n — 1} we define ¢; : O(m,n) — O(m,n), where ¢;(w) = v (w,v € O(m,n)), as
follows:

- if ¢ # n, then:
when it happens that w; —w;+1 > 2, we put v; = w; — 1, viy1 = wip1+ 1,0 = wi itk ¢ {i,i+1};
- if ¢ = n, then:

when it happens that w, > 0 > wy41, we put v, = wy, — 1, Vpp1 = Wpy1 + v = wy if
k¢ {n,n+1};

in all the other cases we put v = w.

Example 3.1. In O(-3,5), if w = 43331|22445 then c4(w) = 43322]22445 and c¢5(w) =
43330]12445. In pictures:

L] L]
L] o o o L] o o o
[ AN BN J fj oo 0| Cq o o o [ AN BN J
oo e 0| [ AKX AN B BN 1 — [ AKX AN BN BN 1 [ AKX AN BN BN 1
o o 0 o o LK AN BN BN ) LK AN BN BN ) LK AN BN BN J

] ]
L] [ AN BN J o [ AN BN J
[ 2K AN BN J o o 0|C5 e o e e LK AN J
L AR AN BN } rMAALIEAK ] ’% L AR AN BN } LN BN BN}
[ K AN BN J .—1 ‘ £ [ AK AN B BN 1 o o 0o o ‘ [ AK AN B BN}

Ifie{1,2,....,2n — 2} and j € {i + 2,...,2n}, we define s;; : O(m,n) — O(m,n), where
sij(w) = v (w,v € O(m,n)), as follows:

-ifie{1,2,...,n—2}and j € {i+2,...,n},orifi € {n+1,...,2n—2} and j € {i+2,...,2n},
then:

when it happens that w; — 1 = w41 = -+ = w;_1 = w; + 1, we put v; = w; — 1, v; = w; +1,
vp = wy if k ¢ {i,5};

-ifie{1,2,...,n} and j € {max{i + 2,n + 1},...,2n}, then:

when it happens that w; — 1 = wjy1 = -+ = wj_1 = w; +1 =0, we put v; = v; = 0, v, = wy, if

k¢ {i g}

in all the other cases we put v = w.

Example 3.2. In O(-3,5), if w = 31100/01223 then s37(w) = 31000/00223 and s7(0)(w) =
31100/02222. In pictures:

L BN BN 2 l|f*‘... L BN ] e o | o
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° 57(10)
° ‘iele

ﬂ
[ ]

Ifi =nand j € {n+2,...,2n}, we define cs;; : O(m,n) — O(m,n), where cs;j(w) = v
(w,v € O(m,n)), as follows:

when it happens that w,, > 2 and wy41 = --- = wj_1 = w; +1 = 0, we put v, = w, — 1, v; =0,
v =wy if k¢ {n,j};

in all the other cases we put v = w.

Example 3.3. In O(15,5), if w = 54433|00013 then css9(w) = 54432|00003. In picture:

° °
:::oo— oICSSQ:::o °
.....l o oo 00 °
ooooo|£ o o ooooo| °

Ifi € {1,2,...,n— 1} and j = n+ 1, we define s¢;; : O(m,n) — O(m,n), where sc;j(w) = v
(w,v € O(m,n)), as follows:

when it happens that w; — 1 = w41 = -+ = wy, = 0 and w41 < —2, we put v; = 0,
Uptl = Wpy1 + 1, vp = wy if k ¢ {i,n+1};

in all the other cases we put v = w.

Example 3.4. In O(—6,5), if w = 43100|22235 then sczs(w) = 43000/12235. In picture:

. . . .
o e o e 5C36, (e]e o0
o0 e[/ o 00| o e o o000
o oo l’[ooooo o e |ooooo

If w # v € O(m,n) we write w | v if v can be obtained from w by applying one of the previous
evolution rules.

In the next result we prove that the previous evolution rules are exactly the covering relations
in O(m, n) with respect to the dominance partial order.

Theorem 3.5. If v,w € O(m,n) then
w>v if and only if w v

Proof. Take w = (w1, ..., Wp|Wnt1,...,wo,) and v = (vi,...,Vn|Vn41,...,02,). We assume
at first that w | v. In this case w and v differ between them in exactly two places h and
k, with h < k, where v, = wp — 1 and vy = w + 1. Hence w > v. Let u € O(m,n) such
that w > u > v. We must show that « = v or w = w. For all t € {1,2,...,2n} with ¢t < h,
from the conditions w > u > v and wy = vy we obtain u; = w; = v;. In a similar way it also
results u; = wy = v for all t € {1,2,...,2n} with ¢ > k because v + -+ +vp + -+ + v =
wr+-F+(wp =1+ +(wg+1) =wy + - +wp + - -+ wg. Let us observe that up = vy, or
up, = wy, because v, = wp — 1 and w > u > v. We distinguish now several cases. If k = h + 1,
from the conditions wy, + wi = up, + ug, = vy, + v we deduce respectively that u = v or u = w.
Let Kk > h+ 1 with h # n and k # n+ 1. If up = vy, then vy = vy, = up > Upy1 > Vpt1,
therefore up11 = vp41; iterating this procedure we find u; = vy for all 0 < ¢ < 2n — 1, with
t # k. Hence also up = v because Zgil Ug = Egil vg. This proves that u = v. We assume now
up = wp. Since vy + vpp1 < up + Upr1 < Wy + wpyt, it follows that wp1 — 1 < upg < wpa.
If upr1 =wpyq — 1 take t € {h+2,...,k} and we obtain uy <wup—1 < -+ <upy1 = wpe1 — 1 =
wy — 1 < weyy. Therefore wy, + wpe1 + Whao + - + Wi = up + Upe1 + Upyo - + up <
wp+ (Wpy1 — 1)+ wpao+ -+ wg < wWp+Wht1+ wWhio+ -+ -+ wg, that is absurd. Hence it must
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be necessarily up+1 = wpy1. Iterating this procedure we deduce that u; = wy for 1 <t < 2n
with t # k. Hence, as before, u; = wg. This proves that u = w.

We consider now k > h+ 1 and h = n. As before let u € O(m,n) such that w > u > v and so
up, = vp, Or up, = wp. If up, = vy, since w L v<wuwand uy <Oforall h+1<t¢t<k—1, we have

Upt1 = - = Up—1 = 0 = vp41 = -+ = ug—1. Hence uy = v and this prove that u = v. We
assume NOw uy, = wp. Since vp+vp41 < UpF+up+1 < Wptwpt1, it follows that —1 < wupq < 0. If
upy1 = —1 take t € {h+2,...,k} and we obtain uy < uj—1 < -+ <wupy; = —1 < wy. Therefore

Wh+ Whi1 +Why2+ -+ wWe = up+uUppr Fupg2 o Fup < wp+ (Wagr — 1) Fwpgo+-Hwg <
W, + Wht1 + Whao + - - - + wg, that is absurd. Hence it must be necessarily up41 = wp1 = 0.
Iterating this procedure we deduce that u; = 0 for n <t < k — 1 with ¢t # k. Hence, as before,
up, = wg. This proves that u = w.

Finally we assume k > h+1 and k£ = n+ 1. If up, = v, = 0 then obviously up11 =+ =uy, =0
and so uy = v for all 1 < ¢t < 2n, with ¢t # k. Hence also ux = vr and finally v = wv.
If up = wp = 1 then 0 = wpy1 > upy1 = -+ = up, > 0. It follows uy = wyyq for all

te{1,---,2n}\ {k}. Therefore also uy = wy. This proves that u = w.
We must prove now that

w>v = wlv.

More generally, we prove that if w > v then there exists u € O(m,n) such that w | v > v. In
fact, if this holds, then w > v implies w > v and so there exists u with w | u > v. Hence w # u
and, since we assume w > v, we obtain v = v and w | v. We divide the proof in four cases.
Case 1. Assume that there exists i € {1,---,2n} such that w; — wjt1 > 2, v+ -+ v; <
w1 + -+ - + w;. Assume also that either ¢ # n or w;y; # 0. Then u := ¢;(w) satisfies w | u > v.
In fact all partial sums of the u; are trivially equal to the correspondent partial sums of the wy,
except for t =4¢. But in thiscase vi +---+v; <wi1+---+w; — 1 =uy +--- +u; and so u> 0.
Case 2. Alternatively, assume that w, > 2, wy,y1 =0and v1 + -+ v, < wy + -+ + wy. Let
us note that in such a case there exists j > n + 1 such that w; < 0 since necessarily there exists
Jj > n+ 1 such that v; > w; and this is impossible if each w; with j > n + 1 is equal to 0. Let
w; the first negative part of w. Then we set

L cj_l(’w) if wj S —2,
v csij(w)  if wy = —1.

In both cases u satisfies w | u > v.

Case 3. Assume that there exists i € {1,---,2n} such that w; — wj41 = 1, v1 + -+ v; <
wi+---+w; and w; # 1. Let j € {i +2,i+3, -, 2n} such that wj—1 > w;. Then we set
cj_l(w) if Wj—1 — Wj 2 2,
U= .
sij(w)  ifwj_; —w; =1.
We have that u satisfies w | u > v.
Case 4. Assume that there exists i € {1,---,2n} such that w; — w41 = 1, v1 + -+ v; <
wi+---+w; and w; = 1. Let j € {i +2,i+3, -, 2n} such that wj—1 > w;. Then we set
cj—1(w) if wj_1 —w; >2and j > n,
w:=14q scj—1(w) fwj_1—w;>2andj=n,
sij(w) if Wj—1 —Wj; = 1.
In each case w | u > v. This completes the proof. O

The result of the previous theorem tell us that O(m,n) is also a discrete dynamical model whose
local evolution rules are described by means of the operators ¢;, for i = 1,2,...,2n — 1 and s;j,
csij and scij for i =1,2,...,2n —2 and j =i+ 2,9+ 3,...,2n — 2. Since O(m,n) is a finite
lattice, when we see it as a discrete dynamical model, its starting configuration is 1™" and its
unique fixed point is 07",

If w=(wy,...,wp|wWpt1,...,w2,) € O(m,n), we set W := (—wap, ..., —Wni1| — Wy, ..., —wWp).
Then w is an element of O(—m,n) which we will call symmetric of w.
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Remark 3.6. It is easy to verify that the map
Y:we O(m,n)—we O(—m,n)

is a lattice isomorphism which transforms each covering rule in O(m,n) into a corresponding
“symmetric” rule in O(—m,n). For example, if v = cs;j(w) in O(m,n) then U = scj;(w) in
O(—m,n). Analogously for all the other covering rules. Therefore, we restrict ourselves to the
case 0 < m < n2.

Now let:
Q(n) = {(w1,...,wp|wps1,...,wop) € P: n > wi, wayy > —n}.
On the subset Q(n) we consider the following partial order C :
(

/ / / /
W,y Wy W1, Won) B (Wi, .o wp|w), .. w),)
if and only if

wy <wy, for k=1,...,2n.

In the following result we give the basic properties of the poset (Q(n),C). We recall at first the
definition of the classical lattice L(l,n). If [ is a non-negative integer, the set L(l,n) is the set
of all the usual partitions with at most [ parts and with largest part at most n. Such lattice was
introduced by Stanley in [28], who showed that L(l,n) is Peck (a graded poset is called Peck
poset if it is rank-symmetric, rank-unimodal and strongly Sperner (see [29])).

Proposition 3.7. (i) (Q(n),C) is a finite distributive (hence also graded) lattice.

(ii) The rank function of Q(n) is p: Q(n) — N such that
(9) p((w1, ., walwnyr, - wan)) = w1+ -+ Wy + Wpp -+ wap + 0.

(iii) The rank of Q(n) is 2n?.

(iv) If —n? < m < n?, then O(m,n) is ezactly the (m + n?)-th rank level (i.e. the subset of the
elements having rank m +n?) of Q(n).

(v) Q(n) is isomorphic to L(n,n) x L(n,n)*.

(vi) Q(n) is Peck.

(vi) |Qm)| = ().

Proof. (i) Immediate.

(ii) Let w =13 .. .1, and w' =1} ... 1}, be two elements in Q(n) such that w’ covers w. Then there
exists exactly a place k where w and w’ are different and that in this place results [}, =l + 1.
In fact, by contradiction, we must distinguish three cases:

1) there exists exactly one place k where w and w' are different, but I} # I + 1. Since by
hypothesis w’ covers w, we have w T w'; therefore it must be I < Ij. This implies that
I, <l +1<1,. Butif we take u =1y - lg—1(lg + 1)lj41 - ln, then w C v T v’ and u € Q(n).
This contradicts our assumption because w’ covers w.

2) There exist at least two places k and s, with s > k, where w and w’ differ, with I} > [
and I}, > l;. We take then w = 1] ...l lpy1 ... Li—1lslst1 ... 1, and we obtain r > [ > .- >
by 2> >lyr > >l 21> 11 > - > 1, > —(n — 1), therefore u € Q(n), and
since w C u C w’ contradicting the hypothesis that w’ covers w.

3) w and w’ are equal in all their parts. In this case w = w’, against the hypothesis.

We assume now that w and w’ are different only in a place k and that I} = [}, + 1. It is obvious
then that w’ covers w in Q(n).

Hence: w' covers w in Q(n) iff there exists exactly a place k where w and w’ are different and
that in this place results I, = I, + 1. Finally, since 0 = 0-- - 0| —n--- —n is the minimum of
Q(n) and 0 F —n?, the (ii) follows.

(iii) and (iv) are both direct consequences of (ii).

(v) It follows at once from the definitions of Q(n) and L(I,n).

(vi) L(l,n) and L(l,n)* are in general both Peck lattices and the Peck-property is preserved
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from the direct product operation, hence the result follows by (v).
(vii) Since [L(I,n)| = (&™), (vii) follows from (v). O

n

As a direct consequence of the previous proposition we obtain the following properties of the
lattices O(m,n) when n is fixed:

Corollary 3.8. If n > 0 is fized, the sequence {|O(m,n)|}_p2<pm<p2 is symmetric, unimodal
and_moreover

S e 0(m.n)| = ().

4. COVERING PROPERTIES IN O(m,n)

We denote by ¢(m,n) the maximum number of elements that a configuration of O(m,n) can
cover in O(m,n). In this section we use the results of the previous section in order to compute
explicitly the number ¢(m,n). Let p be an integer such that 0 < p < n?. If we start from the
maximum 1P~"°" of O(p — n?,n) and we apply only ¢; and sij where 0 <7 < j <n—1, we
obtain a sub-poset of O(p — n%,n) that we denote by B*(p,n). Analogously, if we start from
the maximum 1"°~P" of O(n* — p,n) and we apply only ¢; and s;; where n < i < j < 2n — 1,

we obtain a sub-poset of O(n? — p,n) that we denote by B~ (p, n).

Proposition 4.1. BT (n,n) is a lattice isomorphic to the classical Brylawski lattice Lg(n).

Proof. The starting configuration of B*(n,n) is (n,0,...,0| —n,...,—n). Each configuration
w € B(n,n) has the form w = (w1, ..., w,|—n,...,—n), where w; > wy; > -+ w, > 0is a usual
partition of the non-negative integer n obtained from the starting configuration (n,0,...,0) with
the two Brylawski’s evolution rules described in Proposition 2.3 of [11]. It is clear then that
BT (n,n) is a sub-poset of O(n — n?,n) isomorphic to Lg(n), hence it is also a lattice. O

In order to establish the main result of this section, we define at first the two following param-
eters:
-if 0 < p < n? we set

(0 if p € {0,1,n* — 1,n%}
1 ifp=2orp=n?—2
2 ifn=4and p=28
o) =4 L3+ VBT if 1< p < o2
n—3 if%<p<%andn#4
[ [L(=3+BnZ—p)+1)] if 2122 < p <%

-if 0 < m < n?, we set

0 if m=n
§(m, n) = { 1 otherwise .

2orm=n2—4orm=n—2

Then our main result of this section is the following:

Theorem 4.2. If 0 < m < n? then

3 it n=3 and m=4
2n — 4+ §(m,n) it 0<m<1 or n—2§m
2<m<n-— n#3
c(m,n) = 2n — 5+ d(m,n) if or
n+1<m<2n—1 m # 4
a(my,n) + a(ma,n) + 6(m,n)  otherwise,
2 2
where my = n? — (oc(]—" ;an)H)z(a([n ;m1,n)+2) and mo = mq —

In order to prove the previous theorem we introduce some new lattices and we divide the proof
in several steps.
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Lemma 4.3. Let 0 < p < n?%. The map ¢ : BT (p,n) — BT (n? —p,n) given by
w=(Wi,...,Wp| —ny...,—n) > wW=M—wp,...,n —w1| —n,...,—n)
s such that:
i If v=ci(w) in BT (p,n), then v = cp_;(W);
ii if v = si(w) in BT (p,n), then ¥ = 8(41—j)(n41—4) (W).

In particular, ¢ is a lattice-isomorphism.

Proof. Let us note that B*(p,n) C O(p—n?,n) and BT (n? —p,n) C O(—p,n). Let us suppose
that v = ¢;(w) in B*(p,n). In this case we have w; —w; 11 > 2, v; = w; — 1, v;11 = w1 + 1 and
v =wg if k¢ {i,i+ 1} and so Wy—9—j — Wp—1—s =N —Wijt1 —N+W; > 2, Vp—9_j =N — Vjp] =
n—wiy1—1=wpo9;—1,0_1j=n—v;=n—w; +1 =w,_1_; + 1 and obviously vy = wy
ifk¢{n—2—i,n—1—1i}. Hence v = ¢,_o_;j(w). The inverse implication is exactly identical.
In a similar way we can prove ii. O

If 0 < p < n?, we denote now by ¢t (p,n) [c(p,n)] the maximum number of elements that an
element of BT (p,n) [B~(p,n)] can cover in BT (p,n) [B~(p,n)].

Lemma 4.4. If 0 < p < n? then ct(p,n) = ¢ (p,n) = a(p,n).

Proof. The number of elements that a given w € B*(p,n) can cover is less than the number of
times w; > w;y1 and they are equal if and only if w; — w; 41 > 2 for all w; # w;41.

If n = 4 then as noted before ¢t (p,n) < 2 (¢ (p,n) < 2). The element w = (4220]4444) €
BTt (8,4) (w = (4444|0224) € B~ (8,4)) can cover 2 elements, so in this case ¢t (8,4) = ¢ (8,4) =
a(8,4). In what follows we consider thus n # 4 or p # 8.

If p =0 or p = n? the result is obvious. Let us suppose now 1 < p < w As noted
by Brylawski in [11], if (D) <) ot D)mt2) |y g — (D0t - ith i positive
integer, then ¢*(p,n) = m. The first inequality gives 0 < m < 1(—3+./8p+ 1) and since m € Z,
m < |3(—3+yBp+1)]. An element in BT (p, n) which covers such a number of elements is given
by (m+1+e(p,m,0), m+e(p, m,m+1), m—1+e(p,m,m),...,1+e(p,m,2),e(p,m,1),0,...,0/—
n,...,—n), where (p, m, k) is defined by

. . (m~+1)(m+2)
E(p,m,k)—{é whE s 2

elsewhere .

If W <p< ”—22, then it is easy to see that the maximal number of elements that an element
w € BY(p,n) can cover is equal to n — 3. The other claims follow directly by Lemma 4.3. [

Given an element w = (wi,..., Wy |Wnt1, ..., wa,) € O(m,n), let p1 := wy + -+ + wy, p2 =
— W41 — -+ - — Wway and let us consider the elements w = (w1, ..., w,|—n,...,—n) € BY(p1,n)
and w™ = (n,...,njwp41,...,wa) € B~ (p2,n).

Lemma 4.5. Let w € O(m,n), w', and w™ as before such that the numbers of elements that
wt € Bt (p1,n) and w~ € B~ (p2,n) can cover are exactly ¢t (p1,n) and ¢ (p2,n). Then
cn(w) = sij(w) = csnj(w) = scjng1y(w) = w for eachi € {1, ...,n—1} and j € {n+2, ...,2n}

if and only if p1,p2 € {0,2, %}
Proof. If p1 = 0 (p2 = 0), ¢t (p1,n) = 0 (¢ (p2,n) = 0) and obviously the claim holds in this

case. If py =2 (p2 = 2), ct(p1,n) =1 (¢ (p2,n) = 1) and w* = (2,0,...,0 —n,...,—n)
w” = (n,...,nl0,...,0,—2)), so the claim holds again. If p; = n?+n—2 Do = n24n=2) then
2 2
cT(p1,n) =n—2 (¢ (p2,n) = n—2) and the element in BT (p1,n) (B~ (p2,n)) which covers such
a number of elements is w™ = (n,n —1,...,2,0/ —n,...,—n) (w~ = (n,...,n]0,-2,--- —n))

and thus the first implication is proved.

One between ¢, (w), sij(w), cspj(w) and s¢;, 41y (w) is different from w if and only if wy, # 0 or
wy, = 0 and the last entry greater than zero is equal to 1 and at the same time w,11 # 0 or
wp+1 = 0 and the first entry lesser than zero is equal to —1. If p; = 1 (p2 = 1) then obviously

the assertion holds. If 3 < p; < % (3<p < %) then by taking w € O(m,n) such
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that wt (F) is equal to (¢t +1+4¢(p1,ct,0),c+e(p1,ct, 1), ..., 1+e(p1,ct,m),e(pr, et e+
1),0,...,0] = n,...,—n), where ¢ = ¢ (p1,n) and ¢ is defined as in the Lemma 4.4, we have
that wt (w™) covers exactly ¢t (¢7) elements, w, = 0 (w,+1 = 0) and the last (first) entry
greater (lesser) than zero in w is equal to 1 (—1). If W <p <n? (% < p2 < n?)
then the element v = w, where w is defined as before, is such that v (v™) covers ¢ (p1,n)
(¢ (p2,n)) elements and v,—1 # 0 (v, # 0). Finally if % <p1 < % then if w™ (F
is equal to (n,n — 2+ &(p1,m,1),...,1+&(p1,n,n —2),&(p1,n,n — 1) —n,...,—n), where ¢ is
defined by

1 if p— ni=nt2 >
k pu— 2 -
£, k) { 0 elsewhere ,
clearly satisfies all our requests and the lemma is proved. ]

Lemma 4.6. [f0 <m < n? then
c(m,n) = max{ct(mi,n) + ¢ (mg,n) + d(m,n) : 0 < my < my <n’ m; —mg =m}.

Proof. Let w € O(m,n), w" € BY(p1,n) and w~ € B~ (pa,n) as before. Obviously the number
of elements that w covers is less than or equal to ¢t (p1,n) + ¢ (p2,n) + 1. Thus

c(m,n) < max{ct(mi,n) +c (ma,n) +1:0 < my <my <n? mg —my=m}.

By Lemma 4.5 the equality holds if and only if there exists p; and pg, with 0 < py < p; < n?,
p1 — p2 = m such that ¢ (p1,n) + ¢ (p2,n) = max{ct(mi,n) +c (mg,n) : 0 < my < my <

n%,m; — my = m} and pi1,pe are different from 0, 2 and W This is the case when
m € 40,...n2}\ {n?,n? —4,n —2}. O
Proof of the Theorem 4.2

By Lemma 4.6 we have to find for each m € {0, ... ,n2} the values of my and mq, with my—mo =

m that maximize the quantity {c*(my,n) + ¢~ (m2,n) + d(m,n)}.

If n = 3 and m = 4 then by Lemma 4.4 the value of ¢*(7,3) and ¢ (3,3) is maximum and it
holds that ¢*(7,3) = ¢ (3,3) = 1 and moreover §(4,3) = 1. Thus by Lemma 4.6 c¢(m,n) = 3.
In what follows we can consider thus n # 3 or m # 4.

If m € {0,1,n — 2,n — 1,n} then we can choose m; and mg such that m; — my = m and
¢t (my,n) and ¢~ (m2,n) are maximum. By Lemma 4.4 they are equal to n —2 and so ¢(m,n) =
2n — 44 6(m,n).

If2<m<n-3orn+1<m<2n—1 then we can choose m; and msy such that c*(my,n)
and ¢~ (ma,n) are equal, one to n — 2, the other to n — 3 and so ¢(m,n) =2n — 5+ d(m, n).
If 2n < m < n? then a value close to the searched maximum can be found by taking values of
m1 and my symmetric by respect to "72 Therefore we consider

[nQ—l—m

1=

w and mg =My — m.

We set now

1 2
m1:n2—(01+ )2(cl+ ) and mg =mq —m,

where ¢; := ¢t (my) = E (—3 + /8(n% —my) + 1>J

Let’s note that
c+(m1,n) = C+ <(CI T+ 1)2(01 T+ 2)711,) =

(—3 +/A(er + D)(e1 +2) + 1)J -

<—3+ \/4et +12¢ +9>J =

(—3 + 2¢1 + 3>J =C1.

N = N = N =
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o . 2_
while since mo = m1 — m > Ty and ma < ”T”“

we have
¢ (mg,n) > ¢ (ma,n).
This completes the proof of Theorem 4.2.

Example 4.7. Let us consider for example n = 6 and m = 19. In such case mq = [%] = 28,
My = 28 — 19 = 9. It follows ¢ = 2, m1; = 30 and my = 11.
Thus ¢(m,n) =2+3+1=6.

a(p, 6)

3Sla
0 [
Sla
5 C

>
=

5. DuALITY IN O(m,n)

In this section we extend the concept of Brylawski duality to the lattice O(m,n). Also in
our case we show that the duality is an anti-automorphism of O(m,n) and we deduce some
important structural properties of the lattice O(m,n).

Definition 5.1. Let w € O(m,n). For each 1 < k < n let d”(w, k) be the number of w; such
that w; +k < 0 and let d*(w, k) be the number of w; such that w;—k > 0. The dual or conjugate
of w, that we denote by w*, is the signed partition (—d~ (w,n)+n,...,—d (w,1)+n|d" (w,1) —
n,...,d " (w,n) —n). If W C O(m,n) we set W* := {w* : w € W}.

If w € O(m,n), let Mt (w) be the n x n 0-1 matrix with rows sum equal to the vector of the
nonnegative part of w, (wi,...,w,) and no 0 lying left to a 1 and let M~ (w) be the n x n
0-1 matrix with rows sum equal to the opposite of the vector of the non-positive part of w,
—(Wnt1,---,wz,) and no 0 lying left to a 1. Note that Mt (w*) = M~ (w) and M~ (w*) =
'M*(w). Hence MT(w**) = ‘M~ (w*) = t(tMJr(w)) = M*(w), M~ (w**) = ‘M (w*) =
t(tM*(w)) = M~ (w) and thus w** = w.

Proposition 5.2. Let v,w € O(m,n). Then w covers v if and only if v* covers w*. Hence
duality is an anti-automorphism of O(m,n).

Proof. Let w € O(m,n) such that v < v* and u covers w*. By the claim and the transitive
property it follows w = w** < u* < v*™* = v and since v covers w, we have u* = v and thus
u = u** = v*, so v* covers u*. The reverse implication follows directly from the identity
w** = w.

Let v, w in O(m,n) such that w covers v. In each case there exist two indices ¢ and j such that
1< j,w; =v;+1and wj =v; — 1.

Let us suppose 0 < i < j < n —1. Since w; = v; + 1, wj = v; — 1 and wy, = v, for each
ke {0,...,2n—1}\ {i, 5} we have d* (w,w;) > d (v,w;), d"(w,w;) < d¥ (v, w;), dt(w, wy) =
d* (v,wy) for each k € {0,...,n—1}\{i,5} and d~ (w,wg) = d~ (v, wg) for each k € {n,...,2n—
1}. Thus w) ., = d"(w,w)) —n > d"(v,w;)) —n = V14w, Wn-14w; = dH(w,wj) —n <
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d*(v,w;) —n = Vn_14w;, and wi = v for each k € {0,...,2n — 1} \ {n — 1 + w;,n — 1 4+ w;}.
Moreover ¢ < j implies w; > w;. Hence w < v. In a similar way we prove the same result when
0<i<n—-1<j<2n—1lorn<i<j<2n—1. The proposition is proved. U

Corollary 5.3. vV w = (v* A w*)*.

In [11] (Proposition 2.11) a class of particular types of sublattices is examined by virtue of their
specific symmetry properties. In our context we can describe a similar situation as follows.
If 0 <k <n we set

*O(m,n) := {w € O(m,n) : w; = k},

k{(mn) . (ky...,k,r1,0,...,0| =n,...,—n) if k—n?<m<kn—n?
T (k... Kk|0,...,0,—1r9,—n,...,—n) if kn—n?<m<kn ’
where 1, = m + n? — [”ﬂ;”ﬁ k,ro = —(kn—m)+ Lk”T_mJ n,
kgimm) (k,0,...,0l —hy,...,—hy,—(hy +1),...,—(h1 + 1)) if k—n?><m<k
T (kyho+1,...,ho + 1, ha, ..., h2]0,...,0) if k<m<kn

where hy = kava ho = {MJ, and also

n—1
O(m,n) = {w € O(m,n) : wa, = —k},

fmn) ._ (n,...,n,Ry,0,...,0| —k,...,—k) if —kn<m<n?—kn
k 1 (n,...,n|0,...,0,—Ro, —k,...,—k) if n2—kn<m<n?®—k"’

where Ry = m + kn — L%’C"J n, Ry =n?> —m+ L"::m k,

O(m’n) — (0, ce ,0| — Hy,...,—Hjy, —(Hl + 1), ey —(Hl + 1), —k‘) if —kn<m< -k
k ' (Hy+1,...,Hy+1,Hs, ... Hs|0,...,0,—k) if —k<m<n?—k
where Hy = | <= |, Hy = |2k
Proposition 5.4. (i) *O(m,n) is a sublattice of O(m,n) having mazimum *10™") and min-

imum  *O0mn)

(i) yO(m,n) is a sublattice of O(m,n) having mazimum 51(™"

and minimum ,00™™).

Proof. It is easy to see that if w € *O(m,n) (w € pO(m,n)) then *0(™") g w < *i0mn)
( R0 < < ki(m’”)). Now by definition of infimum and supremum, if w,w’ € *O(m,n)
(w,w’ € 1O(m,n)), then k0" QwAw Qw (O™ QwAw <w) and w <Lw VvV w' < k1)
(w<LdwVw < ,10™™). Thus both w A w’ and w V w’ are in *O(m,n) ( zO(m,n)). O

In order to determine the dual of the previous sublattices, we set

O*(m,n) := {w € O(m,n) : Wpyp—1 > Wyt = —n},
k) _ [ (51,0, 0L =m, T =,y —n) k—n2<m<k
1 (n,...,n|0,...,0,—=s2,1—n,....1—n,—n,...,—n) if k<m<kn )

where s; is the remainder of the division between m — k + n? and n, while sy is the remainder
of the division between kn — m and n — 1,

G (man) . 0,...,0 —q1,...,—qi,—q1 —1,...,—q1 —1,—n,...,—n) if k—n?<m<kn—n?
Tl (41 e+ 1, g0k —n, ..ok —n) if kn—n?<m<kn ’

where q; = {WJ and ¢o = L%’””ZJ, and also

Or(m,n) :={w € O(m,n) :n =wp_g_1 > Wp_4},

fmn) . _ (ny...,nn—1,....,n—1,51,0,...,00 —n,...,—n) if —kn<m< —k
1 (n,...,ny,n—1,...,n—1]0,...,0,—=S3,—n,...,—n) if -k<m<n?-k "’
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where S is the remainder of the division between m + kn and n — 1 and Sy is the remainder of
the division between n? — k + m and n,

G(m’n): (n—k,...,n—k\Ql,...,Ql,Ql+1,...,Q1+1) if —anmSnQ—kn
k ' My, Qa+1,...,Q2+1,Q2,...,Q2[0,...,0) if n2—kn<m<n?—k "~

where @y = | 2=k1=n | and @, — | mentphn |,

Let us note that if —n? < m < k or kn < m < n? the subsets *O(m,n) and O*(m,n) are
empty, while if —n? < m < —kn or n? — k < m < n? the subsets ,O(m,n) and Og(m,n) are
empty.

Proposition 5.5. (i) OF(m,n) is a sublattice of O(m,n) having mazimum 1% ™" and mini-
mum 0F (m:n) R A

(i1 )Ox(m,n) is a sublattice of O(m,n) having mazimum 1,(€m’n) and minimum Olgm’n).

(iii) OF(m,n) = (*O(m,n))* and Ox(m,n) = ( ,O(m,n))*.

(iv) The following identities hold: ’;O(m,n) = *O(m,n)N ,0(m,n), ¥O,(m,n) = ¥O(m,n)N
Op(m,n), OP(m,n) = *O(m,n) NOP(m,n), ,OP(m,n) = ,O(m,n)N OP(m,n), .Op(m,n) =
O(m,n) N Op(m,n) and ij(m, n) = O%(m,n) N Op(m,n).

Proof. Let us note that 1k: (mn) — ( k()(m’"))*, Ok: (m.n) — ( ki(m’”))*, i,(cm’n) = ( kO(m’”))* and
O(m,n) = (x10™™)". Now let us observe that w € ( *O(m,n))* if and only if wy = k, that is
dT(w,j) =0V >k and d* (w, k) > 0. This is equivalent to wy gy > w) = —n, and thus to
w* € OF(m,n). This proves (iii).

Parts (i) and (ii) follow directly by part (iii) and Proposition 5.2. The identities in part (iv) are
a direct consequence of the definitions. O

The following lemma is necessary in order to describe a fundamental structural property of the
lattice O(m,n).

Lemma 5.6. Let A = {w1,...,w,} C O(m,n) be a set of signed partitions. Then the following
are equivalent:

(i) A has a common pairwise infimum;
(ii) for eachl € {1,...,2n} there exists s € {1,...r} such that

! ! !
(10) ZwM = ij,k < Zws,k for eachi,j € {1,...7}\ {s};
k=0 k=1 k=1

(iii) for each l € {1,...,2n} there exists s € {1,...r} such that
2n—1 2n

2n
(11) Z Wi = ij,k > Zws:k for eachi,j € {1,...r}\ {s}.
k=l k=l k=l

Proof. The equivalence of (ii) and (iii) is obvious since 2211 w; ) = m, for each i € {1,...,r}.
Let us prove now (i)==-(ii). Let us assume (ii) false. Let [ be the minimum numberin {1,...,2n}
such that (10) is false. So there exist sg,s; and sa in {1,...,r} such that

l l l
Zwso,k‘ < Zwsl,k < Zwsg,k'
k=1 k=1 k=1

It is easy to see that B := ws, A ws, 94 ws,, so that A has not a common pairwise infimum.

Finally we prove (ii) =>(i). Let 4, two different integers in {1,...,r}. Condition (ii) implies
w (A(w;), Awj)) == w (A(w1), A(ws)), so w; Aw; = wy Aws and thus A has a common pairwise
infimum. g

The following result generalizes in our case the classical Proposition 2.13 of [11].

Proposition 5.7. In O(m,n) there are not sublattices of the form:
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Proof. Let wy, wo and ws be distinct signed partitions with a common pairwise infimum and
let I € {0,...,2n — 1} be the largest integer such that Zilfl w; 1, are not all equal. Hence by
the previous lemma we may assume that

2n—1 2n—1 2n—1

Z wy g < Z wak < Z w3k
k=l k= k=l

2n—1 2n—1 2n—1

Z wi g < Z wa f, < Z wsy for all 7 > 1.
k=j k=j k=3
Thus wy; < wa; < w3y, while wy ; = we j = wsj for all j > I
If | <n—1, then we have
A (wi k) = d~(wa, k) = d~(wg, k) Yk € {1,...,n},
d+(w1, k) = d+(w2, k)= d*(wg, k) Vk < wiy,

and

and if wy; > 1,

dt (wy, wyy) < d+(w2,w17l) = d+(w3, wyy) =1+ 1.
So wj,; = w3, =w;,; Vj € {0,...,h}, where h := max{n — 1,n + wi; — 2}, while v}, ; <
w3 pq = W34 =1+ 1—n. Hence by lemma 5.6 w, w3, w3 have not a common infimum and
SO w1, we, w3 have not a common supremum.
If n <1< 2n —1, then we have

d~ (wl, k‘) =d (’LUQ, k) = d_(wg, k) vk > —wi,

d”(wi, —wiy) >d (w2, —wyy) > d (w3, —wyy) =2n—1—1,

SO

n—d (wi,—wiy) <n—d (wy,—wyy) <n—d (ws,—wiy).
Thus wi; = w3 ; = wj; Vj € {0,...,h}, where h := n+ w;; — 1, while Wi gy < Wiy =
w31 = n+ 1+ 1. Hence by lemma 5.6 w}, w3, w3 have not a common infimum and so wy,
wo, w3 have not a common supremum. This completes the proof. O

6. LOCAL STRUCTURE OF O(m,n)

Let w, w" and w” be three signed partitions in O(m, n) such that v’ < w, w” < w and w" # w".
Let v = w' A w”. We call [v,w] a local interval in O(m,n). In this section we completely
characterize the structure of the local intervals in O(m,n). Moreover, for each given structure of
a local interval, we also describe all the possible evolution rules that determine such a structure.
We call form of the local interval [v, w], the complete description of its structure and of the
evolution rules which determine such a structure.

If I is any local interval in O(m,n), we will prove that the possible structures for I are of four
types (as in the Brylawski case), but the different possible forms for I are 61 (whereas in the
Brylawski case are 9).

By virtue of Theorem 3.5, when w,w’ € O(m,n) and w covers w’ we can put A(w’, w) = (i, 7),
where ¢ and j are exactly the two indexes in {0,1,...,2n — 1} such that either j = ¢ 4+ 1 and
w' = ¢;(w) or j —i > 2 and it holds exactly one of the following: w' = s;;(w), w' = ¢si(w),
w' = s¢ij(w). When w' < w we say that w' is a cocover of w.

In what follows we take w’ and w” two distinct cocovers of w in O(m, n), where A(w', w) = (4, )
and A(w”,w) = (k,1). Since w’ and w” are two different cocovers of w we have i # k, so we
can suppose ¢ < k. There are three possible cases:

j < k: w' and w” are called nonoverlapping cocovers of w;
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j > k: w' and w” are called fully overlapping cocovers of w;
j=k: w and w” are called partially overlapping cocovers of w.

We will study now the interval I = [v,w] in O(m,n) where v = w’' A w".

Proposition 6.1. Ifw' and w” are nonoverlapping cocovers of w then I has the following form.:

where f (g) is one evolution rule between c;, s;j, csij, SCij (Cks Sk, CSki, Scki). Thus there are
16 possibles cases.

Proof. Since j < k we can write:

w o = ..., ws, ceey wy, ey Wk, ceey wi,
/

w o= ..., wi—1, ..., wj+1, ..., Wi, e wy,
"

w'o= ..., Wy, ce wj, ey, wp—1, oo, w1,

and by Theorem 2.6, it is easy to see that
v=...,w;—1,...w;+1,... wg—1,...;w +1,....

We note first that w’ and w” cover v and second that the evolution rule between w and w” is
the same of that between w’ and v. We have a similar situation for the other pairs (w,w’) and
(w”,v). O
Lemma 6.2. If w' and w" are fully overlapping cocovers of w, i.e. j > k, then necessarily
Il>7j=k+1 and j #n.

Proof. Since i < k < j then j —i > 2. So the case w’ = ¢;(w) cannot happen. Therefore we
have the following situation:

(12) wi—l2wi+1:-~-:wk:wk+1:---:wj,1ij—i—l.

Since A(w”,w) = (k,1) it holds wg > wg41. Thus &k = j — 1. For the second part we note
that if j = n we have wy = 0 and this is in contradiction with the assumption that A(w”, w) =
(k,1). O

Proposition 6.3. If w’' and w” are fully overlapping cocovers of w then the form of the interval
I is exactly one of the types listed in the table (f.o. table).

Proof. By lemma 6.2, we can write:

w = ..., w;, ceey Wi, wy, ey wy,
/

woo= ..., w;i—1, ... W, wj+1, ..., wy,
1 _

w' o= ..., W, ey, wg — 1, wy, N T

and it holds that j —¢ > 2, [ — k > 2. Thus we have

vo= ., wi—1, o wg, wy, .., w1,
By assumption that w covers both w’ and w” and since j # n (equivalently k # n— 1), we have:
and

wk—lzwk+1:---:wl_1 Zwl+1.

If w; — 1 = w1 then w' = s;5(w), while if w; —1 > w41 then i = n — 1 and W' = esj5(w).
Similarly if w;_; = w;+1 then w” = sg;(w), while if w;_; > w;+1 then | = n and w” = scg(w).
It is obvious that w' = ¢s;j(w) and w” = scg(w) cannot happen at the same time.
Let us compare now w’ and w” with v. First note that w’ and v are different only in the
positions j and [, while w” and v in the positions 7 and k. It holds that:

/
w. —

_ L / _ _ / /
o l=wj=wjy = =w 2w +1
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and
wi —1l=w,—1>w = =wj_; =wj+1.

Note now that v; = w) — 1, vy = wj + 1, v; = w} — 1 and v, = wy + 1, so w’ and w” cover v. All
the possible forms are listed in the Fully Overlapping Table. O

Fully Overlapping Table

j—i=l—k=2 j—i=2,1—k>2 j—i>2, 1—k=2 G—i>2,1—k>2

wi—1=w;1,w—1=w;+1 w;—1l=w;4+1,w—1=w;+1 w;—1l=w;4+1, w—1=w;+1 w;—1l=w;4+1,w—1=w;+1

i=n—1, j—i=l—k=2 i=n—1, j—i=2,1—k>2 i=n—1,j—i>2, —k=2 i=n—1,j—i>2,1—k>2

wi—1>wip, w—1=w;+1 wi—1>wipy, w—1=w;+1 wy—1>wip, w—1=w;+1 wi—1>wip, w—1=w;+1

j—i=l—k=2,1=n j—i=2,1-k>2,1=n j—i>2, 1—k=2,l=n j—i>2,1—k>2, l=n

w; —1=w; 1, w1 >w;+1 w;—1=w; 1, w1 >w;+1 w; —1=w; 1, w1 >w;+1 w;—1=w; 1, w1 >w;+1

Proposition 6.4. If w' and w" are partially overlapping cocovers of w then the form of the
interval I is exactly one of the types listed in the table (Partially Overlapping Table).

Proof. In this case j = k and

w = ..., Wy, ceey Wjh-1, wy, Wil .-, wi,
A

w o= ..., wi—1, ..., wj_1, wj+1, wj; ..., wy,
I/

w' o= ..., w;, vy wio1, wi—1, wip oo, w1,

Thus we have
vo= ..., w—1, ..., wj_1, wj, wjt1 ..., w+1,

By assumption that w covers both w’ and w” it holds:

(13) wi—lzwi+1:---:wj_12wj+1
and
(14) wj—12>wjp1=-=w_1 2w +1.

Let us note that, if j = ¢ + 1 then (13) becomes w; — w; > 2 and v’ = ¢;(w). Similarly if
! = j+ 1 then (14) becomes w; — w; > 2 and w” = ¢;j(w). Moreover we have w' = s;;(w),
w' = esij(w) or w' = s¢;j(w) when j —i > 2 and in (13) the inequalities are respectively (=, =),
(>,=) or (=,>) and likewise for the covering w” < w. It is obvious that the cases w' = cs;;(w)
and w’ = sc;j(w) are incompatible with cases w” = csj(w) and w” = scj(w).

Let us compare now w’ and w” with v. First note that w’ and v are different only in the
positions j and [, while w” and v in the positions ¢ and j. It holds that:

(15) w; —1=w; >wj = =w_; >w+1=w+1



20 C. BISI, G. CHIASELOTTI, T. GENTILE, P.A. OLIVERIO

and

(16) wi —l=w; —1>wl = =wj ; >wj+1>wj+1.

The presence of strict inequalities in (15) and (16) implies that it is possible that w’ and w” do
not cover v. For example if w) —1 =w; > wj,; = =w_; =w+1=w+1, with j #n—1,
then sjj(w) = w", w' > v :==c¢j(w') =...,w; — 1,...,wj—1,wj,wjy1 + 1,...,w,.... Therefore

u' >v. Note that v/ and v are different only in the positions j + 1 and [ and we have w’ covers
v, in particular if [ — j = 2 then v = ¢;j41(u'), while if [ — j > 2 then v = s ;1) (v’). In a similar
way we have that either w’ covers v or there exists v’ in O(m,n) such that v < u” < w”, with

u” = ¢j_1(w"). So there are 4 possible structures of I:

w w w .
W' w”
W' w” w w” w' w
' ! , N
u u
v v v b
(4) () (©) D)

In case (D) by taking u = s(;_1)(j41)(w) it is easy to see that u covers both v’ and u”, so (D)
becomes

w
w/ w//
u/ u//
v
(D)

All the possible forms are listed in the Partially Overlapping Table, where ¢ = s(;_1)(j4+1),
Qb = 8i(j71)7 1/) = CSZ'(]',I), 0 = S(j+1)l and o = 50(j+1)l- O

Partially Overlapping Table

i+l=j=n—1,1—j>2 i+l=j#n—1,1—j=2 itl=j#n—1,1—j>2

wj—l=w;ji1=w;_1=w;+1 wj—1l=w;j1=w;_1=w;+1 wj—l=w;i1=w;_1=w;+1

i+l=j=n—1,1—j>2 i+1=j,l=n, —j=2 i+1=7,l=n,1—5>2 j—i=2, j#n, j+1=I

wi—1>w;1=w;_1=w;+1 wi—1l=w;1=w;_1>w;+1 wi—l=wj1=w;_1>w;+1 w;—l=w;1=wj_1=w;+1

j—1>2, j=n,l—j=2 j—1>2, j=n,l—7>2
J—i>2, j#n, jH1=l j—i>2, j=n, j+1=l I ! ! ! !

wi—1=w;p1=w; _1=w;+1 w; —1l=w;p1=w; 1=w;+1

w;—1l=w;p1=w; 1=w;+1 w; —1l=w;1=w; 1=w,;+1

wj—1l=w;j1=w;_1=w;+1 wj—l=w;j1=w;_1=w;+1
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j—i=2, j=n—1,1—7>2 j—i>2, j=n—1,1—7>2 L. . . . L. i . X

/ ) I ’ ]_+1 ! ) I ’ j_+1 Jj—i=l—j=2,j#n—1, j#n J—i=2,1—j>2, j#n—1, j#n
w;—1l=w;1=w;_1=w; w;—1l=w;1=w;_1=w;

! X i+l i1 7 L ’ i+l it 7 w;—l=w;1=w; _1=w;+1 w;—l=w;1=w; _1=w;+1
wj—l=w;jt1=w—1=w;+ wj—l=wj1=w—1=w;+1

7 it 7 it wjflzwjurl:wl_l:wﬂrl wjflzwj+1:wl_1:wl+1

i—i=2, j=n—1,1—5<lI i—i>2, j=n—1,1—j<l
J=i>2,1-j=2, j#n—1,j#n  j—i>2,1-j>2, jEn—1,j#n IS RS ITEER gL imIs
=W =wa 1 =wi+1 =W =wa 1 =wi+1
wi— l=wi 41 =w;_1=w;+1 Wi l=wig1=wj—1=w;+1 w; Wip1=Wj—1=w;+ w; Wip1=W5—1=wW;+
wj—1=w;1=w;_1=w;+1 wj—l=w;1=w;_1=w;+1 wiTI>wip=w =t wimI>wip=w =t
s —wy = w1 — w1 =

j—i=l—j=2, j#n—1, j#n J=i=2,1-§>2, j#n—1,j#n  joi>21-j=2,j#n—1,j#n  j—i>2,1-j>2, jAn—1, j#n
wi—1=w;p1=w;j _1=w;+1 w;—1=w;p1=w;j_1=w;+1 w;—1l=w;p1=w; _1=w;+1 w; —1l=w;p1=w; _1=w;+1
wi—l=wj1=w;_1>w;+1 wi—l=wj1=w;_1>w;+1 wi—l=wj1=w;_1 >w;+1 wi—l=w;1=w;_1 >w;+1

j—i=2, j#n, j+1=I j—i>2, j#n, j+1=I j—i=l—3=2,j#n—1,j#n J—i=2,1=3>2, j#n—1, j#n
w; —1>wi 1 =wj_1=w;+1 w;—1>w;p1=wj_1=w;+1 w; —1>w;p1=wj_1=w;+1 w; —1>w;p1=wj_1=w;+1
wj712w3'+1:wl_1:wl+1 wjflzw]-+1:wl_1:wl+1

o . . . . . . . j—i22,j=n,l—j=2
J—1>2,1—j=2,j#n—1,j#n J—i>2,1—5>2, j#n—1, j#n j—i>2, j=n, j+1=1 ) ’ ’
w; —l=w;p1=w;j_1>w;+1
w;—1>w;1=w;j—1=w;+1 w; —1>wip1=w;j 1=w;+1 w;—l=w;1=w;_1>w;+1 ’ i 7 7
wjflzwj+1:wl,1:wl+1
wj—l=w;i1=w;_1=w;+1 wj—1l=w;j1=w;_1=w;+1

J—i22,j=n,1-j>2

wi—l=w;t1=w; 1 >w;+1

wjflzwﬁrl:wl,l:wﬂrl
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Corollary 6.5. Let u < w be two signed partitions in O(m,n) and let p, q respectively the
minimal and the maximal length of a saturated chain from u to w in O(m,n). Then for each
i€{p,p+1...,q} then there exists a saturated chain from u to w of length i.

Proof. We start from w and we take two any cocovers w’ and w” of w. Let v = w’ A w” and
I = [v,w]. From the previous three propositions, we know that the possible structures for I are
(A), (B), (C) or (D'). The proof follows then exactly as in [11]. O

7. OVERLAPPING PATHS IN O(m,n) AND MOBIUS FUNCTION

In this section we determine the Mobius Function of our lattice O(m,n). Let w be a fixed
signed partition of O(m,n). At first we introduce in O(m,n) particular types of subsequences
which are associated with given sequences of ”overlapping” cocovers of w. In the case of the
usual integer partitions, these subsequences are called overlapping paths of w and they were
introduced and studied in [11]. We recall at first the definition of overlapping path as given in
[11].

Definition 7.1. Let S = (w', w?, ..., w") be a sequence of cocovers of w, with A(w', w) =
(i, Ji) forl =1,2, ... 7. Assume further that for all 1 € {1,2,...,r — 1}, w' and w'*' are
(partially or fully) overlapping cocovers of w. Then we associate to S the subsequence of parts
of w P = (wi;, Wi;41, ..., wj,.). We call P the overlapping path of w associated to S.

In our model the characterization of the overlapping paths is more complicated with respect
to the classical Brylawski case. This greater difficulty is due to the presence of the negative
summands in w, which produce the new evolution rules cs;; and sc;;, not present in the Brylawski
model. In order to explain as these rules act on the overlapping paths, we establish the next
two results. In the following propositions, we use the same notations as in Definition 7.1.

Proposition 7.2. Let P be the overlapping path of w associated to S. Ifk € {i1, i1+1, ..., jr—
1} and wy, = wiy1 then:

a) i1 <k<jr—1;

b) either wy—1 —wr <1 or wi—1 —wg, > 2, wp =0, k=n+1;

c) either wgy1 — Wgyo < 1 or Wiy — Wiyo > 2, wyp, =0, k =n — 1.

Proof. a) Since A(w!,w) = (i1,51) and A(w",w) = (ir,j,), we have w;; > w11 and
wj,—1 > wj,. Therefore k # i1 and k # j, — 1 because wy = wy41.
b) We assume wy_1 —wy > 2. Then k — 1 = 4; for some | € {1,...,7} and either k = j
(in this case w; = cx—1(w)) or wy = 0 and k = n+ 1. Since P is an overlapping path, if
k = j;, then | # r, k = 4;31 and wy > wg11, which is a contradiction.
c) We assume wg+1 —wWiy2 > 2. Then k+2 = j; for some ! € {1,...,r} and either k+1 = i,
(in this case w; = ¢x11(w)) or wx, = 0 and kK =n — 1. Since P is an overlapping path, if
k+1=1d;,thenl# 1, k+1=j;_1 and wy > wi11, which is a contradiction.
]

Proposition 7.3. Let P be the overlapping path of w associated to S. Ifk € {i1, i1+1, ..., jr—
1} and wy, = wiyq + 1 then exactly one of the following conditions holds:
a) k>i1 and wi_1 —wr <1 ork < jr—1 and wi11 — wrio < 1;
b)it<k=n—-1<j,—1, wpg_1 >3, wp =1 and wi1o < —2;
c)ir<k=n+1<j,—1, wp1>2, wp=0 and wi1o < —3;
d) k=ir=n—1, wp =1 and wi1o < —2;
e) k=jr—1=n+1, wg_1 >2 and wy = 0.
Proof. Let us suppose that case a) does not hold. If k = i1 and wgy; — wrio > 2 then either

k+1=ig0ork=n—2 j; =n+1and wy =1 (case d)). The first case can not occur since
k=1 and wy —wi1 = 1. If k = j, — 1 and wy_1 —wy > 2 then necessarily k—1 =14,, k =n+1



DOMINANCE ORDER ON SIGNED INTEGER PARTITIONS 23

and wg, = 0 (case ¢)). If iy < kj, — 1, wp_1 — wg > 2 and w41 — Wwkyo > 2 then it holds one of
the following:
i either k+1 =1 forsomel €{2,...,r}ork=n—1, j; =n and wy, = 1 (case b));
ii either kK —1 =1y, forsome h € {1,...,r—1}ork—1=1ip, k=n+1 and wy = 0 (case
c)).
Note now that since P is an overlapping path and wy, —wi1 =1, if k —1 =14, and k + 1 = iy,
it must be l = h + 2, k =411 and wy, — wgy1 > 2, which is a contradiction. O

Here we give six examples which illustrate the difference of our case with respect to the Brylawski
case.

4432|0012 2100|2344
S24 S68 513 S57
CS47 SC25
4333]0012 4431]0002 4432|0111 1110|2344 2000|1344 2100|3334
Proposition 7.2 b) Proposition 7.2 c)
4310|2444 4432|0144
> | > [
SC35 CS46
4220|2444 4300|1444 4310|3344 4333|0144 4431|0044 4432|0234
Proposition 7.3 b) Proposition 7.3 c)
33110|23455 54432|01115
SC4 S79 S14 ﬁ
S68 S35
33100/13455 33110(33355 33110|24445 44442|01115 5433301115 54431|00115
Proposition 7.3 d) Proposition 7.3 e)

Given w € O(m,n) let us give now an important characterization of the signed partitions which
are meet of cocovers of w.

Proposition 7.4. Let w € O(m,n) and let S = (w', w?, ..., w") be an overlapping sequence
of cocovers of w, associated to the overlapping path P = (w;,, wi 41, -+, wj, ). An element
v € O(m,n) is the infimum of the elements in S if and only if the vector 6 := w — v is equal to
0,---,0,1,0 ---,0,—-1,0 ---,0) where 1 and —1 are in positions i1 and j, respectively.

Proof. Let v = A\, w’ and let k € {0,1,---,2n — 1}. If 0 < k < i1 then since for all j €
{0,1,---, k} and for all j € {1,2, -+, r}, w; = wj, we have vy, = wy and so 6y = 0. When
k =iy then wi + 1 =w} = -+ = w}, = wy, v, = mini{zg?zow;} — Z;:évj = wi — 1 and so

0 = 1. If iy < k < j, it is easy to see that mini{Z;?:O w;} = Z?:o w; —1 and so vy = wi. When

k = j, then, for each i Z?:o wj» = Z?:o w; and Z?;é vj = Z?;é wj — 1. Thus v = wi, +1 and

0r = —1. Finally since for all j, <1 < 2n —1, 22:0 w§ = Zé‘:o wj 22:0 vj, it holds vy = wy,
and thus 6y =0 for all k € {j, + 1, j, +2, -+, 2n — 1}. O
Corollary 7.5. Let v,w € O(m,n) with v<aw and let {w'};c; be a set of cocovers of w. Then
v = Nig;w' if and only if § := w —v = (do, dy, -+, dan—1) is a vector of alternating 1s and
—1s, eventually spaced by Os such that if d; —1 = dj11 = -+ = diyj—1 = dipj +1 = 0, then
(wi, -+ ,wiyj) is an overlapping path of w.

Proof. Tt follows by applying the Proposition 7.4 for each overlapping sequence in {w'};c;. 0O
We can compute now the Mdbius function p of O(m,n) in some particular cases.

Corollary 7.6. Let v,w € O(m,n) with v<w. If § = w — v is not a vector of alternanting 1
and —1 eventually spaced by Os or if it is but the parts in w between the position of any 1 and
that of the succeeding —1 does not form an overlapping path, then (v, w) = 0.
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Proof. The thesis follows at once by Corollary 7.5 and Corollary 3.9.5. of [27]. O
Let us consider now a particular class of cocovers of a fixed s-partition w.

Proposition 7.7. Let w € O(m,n), {w'}ic; be a set of cocovers of w and v = N;c;w'
Then for j € I, v = N, i2; W' if and only if there exists p € {2, 3, -+, 2n — 3} such that
wj = S(p—1)(p+1)(w) and w; fully overlap with wy, and wy for some k,1 € I. In this case wy, and
wy partially overlap and we call w; an acritical cocover.

Proof. By Corollary 7.5 v = \,¢ I, it w' if and only if the overlapping paths of w associated to

the set of cocovers {w'};cs are the same of those associated to {w'};es i;. This is possible only
if w; fully overlaps with wy and w; for some k,[ € I and at the same time wy, and w; overlap. So
the only possibility is that wy and w; partially overlap and there exists p € {2, 3, ---, 2n — 3}
such that wj = s(,_1)(p+1)(w). In this case the interval [wy A wy, w] has the structure (D') (see
Proposition 6.4) where w; = u. The reverse implication follows from Corollary 7.5. O

An acritical chain C = {vy, va, ..., v} is a fully overlapping sequence of acritical cocovers
of w € O(m,n). The length of an acritical chain C' is the number of cocovers in it and it is
denoted by [(C). A critical cocover of w is a cocover of w which is not acritical. The length of
an overlapping path P is the number of critical cocovers in it and it is denoted by [(P).

The calculus of the Mobius function in the other cases makes use of the following combinatorial
lemma.

Lemma 7.8. The number of ways to extract a subsequence of m elements from a sequence of
k elements such that no two consecutive elements are both left out is given by

srm) = (1))

k—m

Further, by setting F (k) := anzo(—l)mf(k,m), it results that F(k) is equal to 0, 1 or —1 and
F(k)=1-Fk (mod 3).

Proof. See [11] p. 213. O

Proposition 7.9. Let v,w € O(m,n) such that v is a meet of cocovers of w. Let n(v,w) be
the number of critical cocovers of w in the interval [v,w], C1, ... C, be the acritical chains of
cocovers of w in [v,w]| and m(v,w) =[], (1 = I(C;)). Then p(v,w) is equal to 0, 1 or —1 and
(v, w) = (=1)"@Wm (v, w) (mod 3).

Proof. Rota’s Cross-cut Theorem (see [25] for the classical reference or [27], Corollary 3.9.4.)
applied to the interval [v,w] implies that u(v,w) = >, (—1)¥Nj where Ny is the number of
k-subsets of cocovers of w whose infimum is v. But any such subset must contain the set K of
all critical cocovers of w in [v,w]. So we can write

plv,w) = (1" 7 (~1)F N,

k

where IV, ,’C is the number of k-subsets of acritical cocovers of w whose infimum with K is v. Now

note that
.
St =TT (S0 o )
k i=1 \ k
where N ,’ﬁ is the number of k-subsets of C; whose infimum with K is K A C;. But any such
number Ny, is equal to the number of k-subsets of the C; such that no two fully overlapping
cocovers in C; are both left out. The proposition then follows easily by the Lemma 7.8. O

We note that by using Corollary 7.6 and Proposition 7.9 we can compute the Mobius function
w(v,w) for all v <w in O(m,n). In fact, if v is not a meet of cocovers of w then, by Corollary
7.5, v and w satisfy the hypotheses of the Corollary 7.6 and thus pu(v,w) = 0, while if v is a
meet of cocovers of w then Proposition 7.9 gives us the value of u(v,w).
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